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This paper deals with the current status of understanding of the factors that determine the 
origin of nuclear quadrupole interactions in metallic systems. The major emphasis is on pure 
metals in which there is currently better understanding of the origin of the electric field gradient 
(EFG) at the nuclear sites. The procedures for the determination of the electron densities that 
lead to the electronic contributions to the EFG ’s is discussed as well as the quantitative 
procedures for incorporation of antishielding effects. The nature of agreement between theory 
and experiment is examined by considering the hexagonal close packed metals beryllium, 
magnesium, zinc and cadmium. The sensitiveness of the calculated EFG to the procedure used 
for obtaining electron densities is discussed in beryllium using orthogonalized plane wave and 
augmented plane wave procedures. The nature of agreement between theory and experiment 
currently attainable for semi-metals and semiconductors is discussed. The bearing of some of the 
results in these latter systems by procedures dealing with clusters of atoms to simulate the infinite 
solid on the future of such procedures for imperfect systems and surfaces is commented upon. 
A brief discussion is presented about the various possible contributors to the temperature 
dependence of E FG ’s in pure metals and comparison is made between theory and experiment for 
zinc and cadmium. The factors that can contribute to the EFG ’s in imperfect metallic systems, 
including alloys, at both host and impurity nuclei are discussed, and some of these factors are 
illustrated by considering two examples of these systems, EFG ’s at host Al and Cu nuclei due to 
mu mesons introduced in the metal and at impurity nuclei in alloys involving cadmium metal 
host. The concluding section discusses directions in which further efforts are needed to improve 
our theoretical understanding of both pure metals and imperfect metallic systems.

1. Introduction

This conference provides an appropria te  forum  to 
discuss the current status o f understanding o f the 
nuclear quadrupole interaction (NQ I) in m etallic 
systems since it has substantial representation  from 
both scientists using conventional resonance tech­
niques [1, 2] as well as those using rad ia tive tech­
niques such as perturbed  angular correlation  [3], 
/?-decay N M R [4], oriented N uclei N M R  [5] and 
M össbauer Effect [6]. The field o f N Q I in m etallic 
systems is perhaps one o f the best exam ples where 
the two types of techniques have com plem ented
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each other very well, the radiative techniques 
having allowed one to study nuclear quadrupole 
effects at the im purity  sites themselves in alloy 
systems while the conventional resonance tech­
niques have provided valuable inform ation on these 
effects at host nuclei adjacent to the im purity  ions.

In this review we shall discuss the various 
m echanism s that can contribute to the E F G ’s at 
nuclei in pure metals and im perfect m etal systems 
such as systems involving substitutional and in ter­
stitial im purity atom s and ions, vacancies, and 
atom s at surfaces.

As examples o f the applications of the theoretical 
m ethods that have been developed, we shall 
prim arily  refer to systems that we have studied. 
However, references will be m ade to o ther theo­
retical investigations at the appropriate  places.

The first part o f this article will deal w ith pure 
metals and the second part w ith im perfect m etallic 
systems.
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2. Origin of Nuclear Quadrupole Interaction 
in Pure Metals

All experimental techniques [1-6] aimed at 
studying the NQI attempt to measure the quadrupole 
coupling constant e2qQ  and the asymmetry param ­
eter r], and in those cases where they cannot be 
shown to vanish from symmetry considerations [7] 
one also aims at obtaining the directions of the 
principal axes. Considering the contributions from 
both the ionic charges in the lattice and the valence 
electrons [8], the EFG q, representing the maximum 
component in the principal axis system is given by

r 3 cos2 3 - 1  ,
- J < ? e ( r ) ( l  - y ( r ) ) --------- j------ d r ,  ( 1)

r

where £se is the charge on the 5th ion, .9* is the 
angle between the line joining the 5th ion to the 
central one (containing the nucleus under study) 
and the r-axis, and rs is the length of the line. 
g(r) is the electron density due to the conduction 
electrons at a point described by the radius vector r 
w'ith respect to the nucleus of interest and r and .9 
are, the length and angle with respect to the z-axis 
of r. The quantity yx is the Sternheimer anti­
shielding factor [9] for the ions in the lattice 
appropriate for the EFG due to a totally external 
charge and y(r) is the antishielding function [10] 
which depends on the distance of the conduction 
electron from the nucleus. For r going to infinity, 
y(r) reduces to yx . For intermediate distances y{r) 
must include exchange effects associated with the 
indistinguishability of conduction and core electrons 
when their wave functions overlap.

Thus, for a quantitative understanding of the 
nuclear quadrupole coupling constants (NQCC) in 
metals, the following are needed:

a) Knowledge of the nuclear quadrupole moments, 
Q , of the nucleus under study.

b) Knowledge of lattice structure of the metal, 
which one needs for obtaining the positions of 
the ions.

c) Accurate knowledge of charge distributions due 
to conduction electrons.

d) Appropriate antishielding effects as represented 
by the Sternheimer antishielding parameter yx  
and the antishielding function y(r).

These questions are discussed in separate sections of 
the first part and are followed by sections dealing 
with the results of calculation of the absolute values 
of the EFG ’s in hexagonal close packed metals, 
a comparison of the EFG ’s in metals by two 
different procedures, EFG ’s in semi-metals and 
semiconductors and the temperature dependence of 
the EFG.

2.1. Determination o f  nuclear quadrupole moments

A number of methods have been utilized for 
accurate determination of Q , since their discovery 
by Schüler and Schmidt [11]. Among the ones most 
commonly used are atomic beam studies [12] in­
volving transitions between nuclear Zeeman levels 
or more recently, studies at optical transitions using 
laser techniques [13]. These measurements provide 
the value of the quadrupole coupling constant e2qQ  
for a particular atomic state, q being the EFG at the 
nucleus for this state. Careful calculations [14] of q 
then provide accurate values of Q. The various con­
tributions to q consist of the direct contribution 
from the one or more valence electrons, the shield­
ing or antishielding factor [15] due to the perturba­
tion of the core electrons by the valence electrons 
and many-body effects [14] involving dynamic inter­
actions between the valence and core electrons both 
among themselves and between each other. The 
shielding effects have been studied [16] for a 
number of atomic systems by the differential equa­
tion procedure of Sternheimer [17] as well as its 
variational counterpart [18]. Also the many-body 
perturbation theoretic technique [19] has been util­
ized [14] in some cases, and in a number of these 
cases, very good agreement is found [14] for the 
direct contribution to yA with the results of the 
Sternheimer procedure [17]. Many-body and con­
sistency effects on yA have been studied [20] in a 
number of cases by the many-body perturbation 
technique. While consistency effects are found to be 
significant many-body effects have been found to be 
relatively small for yA. A conservative estimate of 
the accuracy involved in the evaluation of various 
contributions to yA suggests [20] a net confidence 
limit of 20% and remembering the fact that yA is 
usually of the order of 0 .1, this means an overall 
confidence limit of 1% in the total EFG. Thus the 
net accuracy of the quadrupole moments are basic­
ally determined [21] by that of the experimentally
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measured NQCC’s. These methods can be applied 
to both ground and excited atomic states. Examples 
of the former, important for NQI studies in metals, 
are 27Al, 71Ga, and n3’ ,15In. Typical examples of 
systems where one has to study excited atomic states 
because the ground states are spherically symmetric 
are the alkali atom nuclei for which excited atomic 
states involving the valence electrons in p-states are 
studied [22]. The nuclei of second group atoms also 
belong to this category and for 9Be, 25Mg, and 67Zn 
the 3P excited states involving the two valence 
electrons in s and p states have been studied [23] to 
obtain the NQCC’s.

For some nuclei, where for particular reasons it 
is not possible to measure the NQCC in a non- 
spherical atomic state, one resorts to studies in 
molecular systems, either by molecular beam [24] or 
microwave [25] techniques or by perturbed angular 
correlation (PAC) [26] or Mössbauer effect (ME)
[27] studies in molecules trapped in solid-state 
systems, often in a rare gas matrix. Examples of 
nuclei of these types are the excited state of 19F 
nucleus [26] which has a spin of /  =  5/2 and hence a 
finite Q and the important Mössbauer active state 
of the iron [28] nucleus 57mFe for which molecular 
Hartree-Fock (HF) calculations [29, 30] combined 
with PAC and ME quadrupole coupling data have 
provided the Q's of these nuclei. Another example 
is the 14N nucleus, for which Q has been obtained 
from molecular calculations [31]. A recent relativ- 
istic many-body perturbation theoretic investigation
[32], on the ground 2p3 configuration of nitrogen 
atom, which is not strictly spherical in relativistic 
theory, has verified the value of Q from the molec­
ular calculations.

Lastly, there is the method involving muonic 
atoms [33] which, as mentioned by Professor Brix
[34] in his lecture at this conference, is being in­
creasingly used for making accurate measurements 
of quadrupole moments. In this method, the NQI 
due to a negative muon is measured when it is in a 
non-s state. Since the muonium moves very close 
to the nucleus, its orbit can be considered as a 
hydrogenic one in the field of the entire nuclear 
charge. The EFG due to it at the nucleus can then 
be calculated exactly, yielding an accurate value 
of Q. There is one uncertainty in the determination 
of Q by this method that one may be concerned 
about. This has to do with the fact that the muon 
would be expected to spend substantial time within

the nuclear radius and thus perturb it and thereby 
change the Q itself that one is attempting to 
measure. However, this is expected to be an im­
portant problem more for magnetic hyperfine inter­
action studies where one deals with s-states of the 
muon, rather than for the quadrupole interaction 
studies where one deals with p , d and other non-s 
states for which there is less penetration inside the 
nucleus. Nevertheless it would be helpful to make 
comparisons between Q's for the same nuclei deter­
mined from muonic [33] and electronic [34] NQI in 
a number of cases to assess the accuracy of the 
Q obtained from the two types of interactions.

2.2. Lattice structure

For pure metals, a knowledge of the positions of 
the ions in the lattice, necessary for both the 
evaluation of the lattice sum in ( 1) and the study of 
the band structure and wave-functions to obtain the 
q(r) in the second term in ( 1), does not present any 
special difficulties as it does for the case of imper­
fect metallic systems. One needs an accurate deter­
mination of the crystal structure from X-ray diffrac­
tion techniques and accurate measurements of 
crystal structure are available for most pure metals. 
For the analysis of the temperature dependence of 
the EFG ’s in metal, one needs [35] a knowledge of 
the crystal structure as a function of temperature, 
which is less widely available.

2.3. Electron density distribution in metals

One can in principle obtain the electron density 
function g(r) in the second term in ( 1) by electron 
diffraction techniques. But data from measurements 
of this type are presently not widely available, or 
are not accurate enough, to carry out the integration 
in ( 1) and obtain the electronic contribution to the 
EFG. One has therefore to resort to theoretical 
procedures to determine @(r) by obtaining the 
electronic wavefunctions in the metals. There are a 
number of procedures that have been developed in 
the literature for determination of band structure 
and wave-functions. We shall touch briefly on a few 
of them that have been used in the evaluation of 
electron densities for study of magnetic and nuclear 
quadrupole hyperfine interaction properties. How­
ever, before proceeding on to this, we would like to 
point out that approximate procedures based on the 
Thomas-Fermi model are being applied [36] with
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increasing sophistication to obtain the electronic 
contributions to the EFG. The reader is referred to 
the most recent paper on the subject and references 
therein [36].

2.3.1. T i g h t - b i n d i n g  p r o c e d u r e

The tight-binding (TB) procedure [37] is best 
suited for systems which have rather narrow bands, 
indicating strong intra-atomic binding and relatively 
weak interatomic bonding. Thus, it would be 
applicable to ionic crystals as well as systems like 
gallium metal or graphite. The electronic wave- 
function in this procedure is taken in the form

¥k(r) = X  e ik'f‘<P(r-rs) (2)

where s refers to the various lattice points which 
occur as a periodic array. The function & ( r — rs) is 
expanded in the variational form:

& ( r - r s) = ' £ c /lxM( r - r s) . (3)

The xM (r — rs) refer to valence electron atomic 
functions at the lattice sites, the coefficients cu being 
determined variationally. The potential is often 
taken as a sum over a periodic array of atomic-like 
potentials but one can also take general potentials 
more representative of the solid and additionally 
consider the cß as function of k which can make the 
procedure adaptable to systems in which the bands 
are not too narrow and the valence electrons are 
significantly delocalized.

2.3.2. O r t h o g o n a l i z e d  p l a n e - w a v e  
p r o c e d  ure

This procedure [38] is more general in scope and 
is in principle applicable to both broad and narrow 
bands, somewhat more suited to the former. The 
Bloch wave-functions in this case are taken in the 
form

Vk (r) = X  C/OPW (ki, r ) ; k t = k + g ,, (4)
9i

where the refer to reciprocal lattice vectors, c,- are 
variational parameters, and the OPW (k,,r)  are 
given by

OPW r) = N ki(PW (*,, r) - X  bki c ysc X (r) (5)
C

with the v/ c .* i ( r ) referring to tight-binding Bloch 
wave-functions corresponding to the core state c,

bk. c being determined by the orthogonality condi­
tion

<OPW (*,-,#■) | i//c,*4(r)> = 0 , (6)

which leads to

6*.,c =  <PW (/r,-,r) | *,(#•)>. (7)

The plane-wave functions being given by

W t{k h r) = eik''rr fN Q  (8)

with N  representing the number of atoms in the 
solid and Q, the Wigner-Seitz volume or the volume 
per atom. The quantity N k. represents the normali­
zation factor for the function OPW (kh r) and is 
given by

N l
f i - X

(9)

assuming that the core states on different ions do 
not overlap. The parameters c,- are determined by 
the usual variational procedure, leading to the 
linear equations

X  ci(H i j — EkSjj) = 0 , ( 10)

where H t j  are the matrix elements of the Hamil­
tonian

Hi j = (OPW  (ki, r) H(r)  OPW (*, ,#•)> (11)

and S jj  the overlap integrals between OPW func­
tions,

S,J =  (OPW  (ki, r) OPW (*;, r)> . ( 12)

In principle, one should use the rigorous Hamiltonian 
for the many-electron system, namely

lr
2 m +  £  —  T — Y V* M ' C 1 « N m '  1

(13)

where (se represents the charge on the ion in the 
metal at site 5, but in practice, for reducing com­
putational efforts one uses

/? = £ / ? ( „ )  = -  + X  V(\r„ — TjI), (14)
n n 2 m e s n

where V( rn — rs ) is a one-electron potential centered 
at the lattice site s, involving the nuclear potential 
and the Coulomb and exchange potentials associated 
with the interaction between the conduction and
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core electrons and the conduction electrons them ­
selves, with the exchange potential approximated to 
be local, either in terms of the statistical exchange 
approximations [39] or something closer [40] to the 
HF approximation especially for the core-conduc- 
tion exchange. For reasonably good metals with the 
conduction electrons fairly delocalized, the inclusion 
of 20 to 25 basis states in the summation in (4) is 
adequate, the exact number depending on the 
particular k , especially its symmetry in reciprocal 
space.

2.3.3. T h e  a u g m e n t e d  p l a n e w a v e  p r o c e d u r e

The Augmented Plane Wave (APW) procedure
[41] is based on the expectation that in a metallic 
system, there will be regions in space where the 
conduction electron is close to free-electron like, 
while in the ion-core regions, the conduction elec­
tron wave-functions will have atomic-like character. 
While in the OPW procedure, this atomic-like 
character is incorporated through the use of basis 
functions involving plane-waves orthogonalized to 
the core functions, in the APW procedure, the 
atomic-like character in the core region is included 
through the use of solutions of the Schrödinger 
(non-relativistic) or Dirac (relativistic) equations 
obtained for this region using the appropriate 
conduction electron potential.

The potential in the APW approximation is 
considered to be atomic-like inside a sphere sur­
rounding the nucleus of radius Rs, while outside it is 
assumed to be uniform. The arrangement of these 
spheres and uniform regions is shown schematically 
in Fig. 1 and it is easy to understand why the name 
muffin-tin potential is given to this choice of 
potential. The procedure for obtaining wave-func­
tions in the APW approximation proceeds as 
follows. The first step is to solve for atomic-like 
states inside the muffin sphere for a set of different 
values of the energy E, which is expected to span the 
occupied as well as empty band states of interest, 
the wave-functions being expressed in the form

n m ( r ,E ) =  Yl>m(S, <p) R,(r, E ) . (15)

The second step involves preparing basis functions 
for carrying out variational calculations which are 
given by

Wfns.de = 1  Yl m(3, (p)R,(r, E ) A, m(k j) , (16)
/, m

W L s.d e  =  (17)

where ki = k + gn with the Aim(k ,) obtained by 
matching the partial waves in (17) for various / and 
m with those in (16). One then uses a variational 
function of the form

M r )  = Z .c ,0 f( r )  (18)
/

with the Cj satisfying the linear equations

2 > , ( t f „ - £ . s y) =  0 ,  (19)
/

where

H IJ~ ( 0 f \ H \ 0 f ) + F , i (20)

and
Sij = {d>f\(Pf), 

leading to the secular equation

Det | Hjj — E Sjj | =  0 . (21)

Fy are surface integrals taken into account the 
discontinuous slope of <t>f for r = R s [41]. To solve
(21) for the values of E , one looks for the zeros of 
the determinant by an interpolation procedure. This 
process is carried out for each k  in the grid chosen 
in the Brillouin zone for obtaining the energy bands 
(and wave functions) as a function of k  and provides 
the band structure.

It should be noted that this procedure does not 
have to use a uniform potential outside the muffin 
sphere [42]. One can use the latter idealized ap­
proximation for preparation of the basis functions 
0j.  For obtaining / / J7 in (20) one can subsequently 
use the actual potentials involving both radial varia­
tion outwards with respect to the muffin center as 
origin, as well as non-central character represented 
by angular variation of the potential both within and 
outside the sphere. If the deviation from the 
idealized potential is not too strong, one can also 
apply a perturbation procedure using the energy 
bands and wave-functions for the idealized potential 
to take account of the actual potential and the 
idealized potential. A perturbation procedure has 
been used [43] recently for beryllium to take account 
of the difference between HF exchange [40] and the 
Slater type statistical approximation [39] to it.

2.3.4. H y b r i d i z e d  t i g h t  b i n d i n g  a nd  
o r t h o g o n a l i z e d  p l a n e  w a v e  p r o c e d u r e

A procedure that would be particularly suited for 
EFG studies but has not yet been used extensively
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for this purpose is a procedure [44] involving a 
combination of TB and OPW functions. For this 
procedure, the wave function has the form [44]

Vk (k) =  X  ck + OPW (k + gi, r)
9<

+ ' L Y . e ikr'c k,llx ^ r - r s) ,  (22)
5 p

where the TB and OPW functions are given by (3) 
and (5) with the quantities ck+9i and ck/x to be 
obtained by the use of the variation principle. This 
procedure allows good flexibility to treat both 
narrow and broad bands and also to obtain a good 
description of both the regions between the cores 
which are important for their influence on the band 
structure and the region near the nucleus which is 
important for the EFG at the nucleus. This proce­
dure has so far been applied to study band-struc- 
tures and hyperfine and other properties of the 
ferromagnetic metals [44] iron, cobalt and nickel, 
using the exact Hamiltonian (13). In these investiga­
tions a SCF-HF procedure with explicit incorpora­
tion of some aspects of many-body effects was 
utilized for determining the band structure and 
wave-functions.

2.3.5. P s e u d o p o t e n t i a l  t r e a t m e n t s

A somewhat less time-consuming procedure for 
determination of conduction electron wave-func­
tions involves the pseudopotential approach [45, 46]. 
In this approach one employs [46] a linear combina­
tion of plane waves, obtained using a pseudopo­
tential replacing the actual potential, and then re­
places the plane waves by OPW functions. Thus, 
one uses the equation

where (Pk is a pseudofunction represented by a 
linear combination of plane-waves in the form

<t>k='LciP W (k  + gi,r)  (24)
/

with PW (k, r) given by (8) and the c, to be obtained 
by solving (23) variationally. With the pseudo­
potential pseudo i one expects [45] to obtain the 
same Ek by solving (23) for &k as one would get by 
solving the corresponding Schrödinger equation for 
the actual potential and the actual eigenfunction for 
the particular k  and band under study.

The pseudopotential is obtained in different ways
[45], either by fitting to experimental information
[47] available about the nature of the Fermi surface 
or by ab initio calculations [48]. The various proce­
dures used to determine pseudopotentials, the 
assumptions involved in deriving them, and their 
relative accuracies, have been discussed extensively 
at various places in the literature [45, 49] and the 
reader should refer to them. Once the pseudo wave- 
functions in (24) are determined one can obtain [46] 
the actual wave-functions from it by replacing the 
PW {k + gt,r) by OPW (k -I- gh r) as in (4). This 
procedure has been used for the evaluation of the 
conduction electron contributions to EFG ’s in mag­
nesium, zinc, and cadmium [50-53] the results for 
which will be discussed in Section 2.5.

2.4. Incorporation o f antishielding effects
in the evaluation o f  electric field gradients in metals

The next important topic one has to discuss for 
the study of EFG’s in pure metals is the quantitative 
incorporation of antishielding effects [9, 10, 14-18, 
20] in the electronic and lattice contributions to the 
EFG as indicated in (1). We consider first the 
question of antishielding effects associated with the 
conduction electrons. Since the conduction electron 
distribution penetrates the ion cores, one cannot use 
the Sternheimer antishielding factor [9] appropriate 
for a charge totally external to the core electrons. 
On the other hand, the charge distribution is not 
internal enough to use the atomic type Sternheimer 
antishielding factor [15, 16] appropriate for the field 
gradient produced by a valence electron. One has 
therefore to make use of an antishielding function
[10] y(r) which varies with the position of the 
conduction electron as indicated in (1). Antishield­
ing functions y(r) have been calculated in the 
literature [54] for a number of ions placing a point 
charge producing the EFG at different distances 
from the nuclear quadrupole moment, Q. As men­
tioned earlier, the use of a function y(r) obtained in 
this way would not include exchange effects between 
the conduction and core electrons when they overlap. 
A procedure which would incorporate such ex­
change effects explicitly and would replace the 
integration over y(r) in ( 1) has been used in the 
literature [55] and we shall describe it briefly. The 
first step in this procedure is to obtain the per­
turbation d\j/Q C in the core wave functions y/c due to
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the potential produced by Q. This is done by solv­
ing the first order perturbation equation

(tfo. c ' ' 0, c) dŷ Q, c Q 06q c) \)/c , (25)

where H 0 c and 6'0 c are the Hamiltonian and energy 
appropriate for the state i//c, Hq  is the perturbation 
Hamiltonian due to the potential produced by the 
nuclear quadrupole moment, namely

H n =
e2Q(3 cos2 3 -  1)

(26)

and ÖS'q c is the first-order perturbation energy for 
the core state c given by

ö tJQ,c = (Vc\ Hq Wc) ■ (27)

The next step in the procedure is to calculate the 
energy of interaction between the perturbed core 
state and the conduction electrons to terms linear 
in Q. This perturbation energy which can be con­
sidered as of second order, involving one order in 
H q and the other in the Coulomb and exchange 
interactions between the core and conduction elec­
trons will be given by

k ,n  c r \2

■ <v0,c(l) y/k,„ (2) dr, d r2, (28)

where the operator P n exchanges electrons 1 and 2 , 
the summation over n in (28) referring to the 
various energy bands which are totally or partially 
occupied and that over k to all k  vectors for each 
band for which the energy is less than the Fermi 
energy. Equation (28) gives the induced EFG öqle\d, 
arising from the core electrons. The total EFG to be 
used for the conduction electrons (second term in 
( 1)) thus is

qd = q T ct + öqiSd , (29)

where qdTect is the unshielded value of the EFG due 
to the conduction electrons, namely,

d̂irect =  £  (r) -  C° S y ---- - y k „ (r) dr . (30)
k,n r

It is interesting [55] to examine the effective anti­
shielding factor 7efr= /^eiirect experienced by the 
EFG’s associated with different components of the 
conduction electron density. Thus, considering the 
conduction electron wave-functions given by (4) and

(5) in the OPW formalism [38], we can separate q(r) = 
X  ^*.n(r ) 2 into three components, PW-PW, in-
k .n
volving only the plane-wave components of the 
wave functions, PW-TB, involving the cross term 
composed of the product of PW and TB com­
ponents and TB-TB, composed of only the TB 
components. For the EFG ’s due to these three 
components, taking the ratio of the corresponding 
öqmd and <7ei‘rect occurring in (28) and (30), it has 
been found [55] that both for zinc and cadmium

(} ’e f f )pw-pw ~  0.65 y o o ; 

(7eff) PW-TB ~ 0.02 7oo; 

(7eff)TB-TB ~  0.06 7 co • (31)

These results are expected from physical considera­
tions since the (PW-PW) component is much more 
external to the cores than the other components. 
The size and importance of (7eff)pw-pw has signif­
icant bearing on an empirical relationship [56] 
derived for EFG ’s at impurity sites in alloy systems 
involving noncubic hosts, as will be discussed in the 
second part of this paper.

For the contributions to the EFG from the 
charges on the ions, represented by the first term in 
( 1), the use of yx  should be quite justified since the 
ion cores are not expected to overlap significantly or 
have their charge distribution significantly different 
in the metal as compared to the ions. But, if one 
wants to be careful about this point, one can also 
carry out a calculation similar to that [55] for the 
antishielding effect on conduction electron contribu­
tion to the EFG, using

^directHion

+ dq"

3 cos2 & — 1 
R*

(32)

(33)

for a lattice charge £ e whose position vector with 
respect to the nucleus is R  (R , <9), and

7ind 
ion&Ei$n = e2Qöql

= 2 e2Q \ y / *  (r)
r - R

öy/c(r) d r .  (34)

The value of 7$? =  öqf^/qion^ is expected to depart 
from 7oo, if at all, only for the ions which are nearest 
neighbours to the ion containing the nucleus at 
which the EFG is being studied.
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2.5. Results o f  calculation offield gradients 
in hexagonal close packed (group II) metals -  
comparison with experiment

To illustrate the nature of the various contribu­
tions to the EFG and how the results of theory 
compare with experiment, we shall discuss the 
situations in the four hexagonal close packed metals 
beryllium [57], magnesium [58], zinc [59], and cad­
mium [60]. A few other metals [61] have been in­
vestigated in as much detail, but we shall discuss 
only the four hep metals because they have similar 
structures and provide useful insights, when taken 
together, into the factors influencing the EFG ’s at 
the nuclei.

Of these metals, Mg [51] with a c/a  ratio of 1.624 
is closest to that (1.633) for ideal hexagonal close 
packing, while Be [51] has a significantly smaller 
c/a  ratio, namely 1.567. On the other hand, Zn and 
Cd, with the values of c/a  as 1.828 and 1.862 re­
spectively [53], are severely distorted compared to 
the ideal hep case. The results [57-60] for the lattice, 
electronic and total contributions to the EFG are 
tabulated for the four metals in Table 1. The ex­
perimental values of the total field gradient eqexp 
[62-68] are also listed for ready comparison be­
tween theory and experiment. These experimental 
values are obtained from the measured e2 q Q by di-

Table 1. Various contributions to the field-gradients in the 
hexagonal close packed metals, beryllium through cad­
mium a.

Metal Lattice Elec­ Total Experi­
contri­ tronic electric mental
bution contri­ field- value
(efiatt) bution gradient (^*7exp)

(<?<7el) (^ *7theor)

Beryllium 1.97 - 2 . 6 4 - 0 . 6 7 11.40 i b
Magnesium 0.58 1.99 2.47 2.04 c
Zinc - 6 4 . 4 0 212.12 147.72 137.9 d 

124.0e 
132.2 f 

1123.6 g
Cadmium - 1 1 9 .6 0 418.03 299.43 276.1 h

a All electric field-gradients are expressed in units o f 
1 0 13 esu/cm 3. 

b Based on NM R measurements, Ref. [62]. 
c Based on NM R measurements, Ref. [63]. 
d Based on Mössbauer measurement, Ref. [64], 
e Based on Mössbauer measurement, Ref. [65]. 
f Based on NQR measurement, Ref. [6 6 ], 
g Based on NM R measurement. Ref. [67], 
h Based on ß -  y perturbed angular correlation measure­
ment, Ref. [6 8 ].

viding by the available Q [69]. For the metals Be [62] 
and Mg [63], the e2qQ  are obtained from NM R 
measurements. For Zn, e2qQ  has been obtained 
from ME [64], NQR [66] and NMR [67] measure­
ments, the coupling constant referring to the ground 
nuclear state fc7Zn with spin /  = 5/2, the excited 
nuclear state for Mössbauer measurements having a 
spin 7 = 1 / 2  with Q = 0. For Cd, the experimental 
coupling constant is for the excited nuclear state of 
11'Cd* with 7=5 / 2 ,  from ß — y perturbed angular 
correlation (PAC) measurements [68]. For both Zn 
and Cd, the sign of the coupling constant is known 
from the Mössbauer and PAC measurements and 
therefore the experimental value of eq is known. 
The theoretical electronic contributions to the 
EFG ’s in Table 1 were obtained using OPW [57] 
functions in all four cases, the values for Be and Mg 
[58] being obtained using wave functions from OPW 
calculations, while those for Zn [59] and Cd [60] were 
obtained using OPW functions derived from pseudo­
potential investigations described in Section 2.3.5.

The lattice contributions in the first column of 
Table 1 show an interesting trend from Be to Cd, 
changing from small and positive to large and 
negative. Part of the increase in magnitude is due to 
the increasing antishielding effect, being actually 
small and positive (shielding) for Be2+ namely [70]
0.185 and increasing continuously from Mg2+ to 
Cd2+ the values for Mg2+, Zn2+ and Cd2+ being 
respectively [70] -3 .2 , -12 .7 , and -31 .9 . The 
change in sign of the lattice contribution, and the 
rest of the increase in magnitude in going from 
Mg2+ to C d2+ is a consequence of the increase of 
c/a  and can be understood from the theoretical rela­
tion [71] derived for the evaluation of the lattice 
contribution. It is interesting, as has been noted 
[72] earlier in the literature, that qlatl does not go to 
zero at the ideal [73] hep ratio c/a = 1.633. The 
electronic contribution also increases with the in­
crease in c/a since the system tends towards stronger 
departure from cubic symmetry, which is reflected 
in the nature of the potential and hence in the 
charge density distribution. Interestingly enough, the 
sign of the electronic EFG now changes before Mg 
rather than after, as has been found for q\an. This is 
not unexpected because of the strong cancellation 
between individual band contributions for Be and 
Mg, as will be discussed in Section 2.6. This be­
haviour also indicates that while the symmetry of 
the ionic arrangement in the lattice determines if
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there is going to be a finite qVM, and hence a finite 
<7ei, or not, for small departures from spherical 
symmetry, one cannot expect a proportionality 
between glatt and qel. The situation for large de­
partures from spherical or cubic symmetry cor­
responding to large differences in d a  from ideal, as 
for Zn and Cd, will be discussed subsequently in 
this section.

An additional point that should be made about 
the results in Table 1 is that we have used the anti­
shielding effect appropriate [55] for the conduction 
electrons that was discussed in Section 2.4. For Zn 
and Cd the yeff, or equivalently the induced EFG, 
<5gmd, from actual investigations by the procedure 
described in Section 2.4, was used. For Be2+ and 
Mg2+, we have used the same value of 0.65 for the 
ratio 7efr/7oo for the PW-PW contribution as was 
obtained [55] for Zn2+ and Cd2+.

For Be metal the agreement between theory and 
experiment is seen from Table 1 to be not very 
good. However, this is not unexpected considering 
the fact that the total EFG involves a substantial 
cancellation between the lattice and electronic con-, 
tributions. Additionally, there is also strong can­
cellation in the electronic contributions from differ­
ent bands as we shall discuss in Sect. 2.6, where a 
comparison will be made between the results of 
APW and OPW calculations on this metal. Turning 
next to Mg, no experimental information is avail­
able for the sign of the EFG, but there is very good 
agreement between the magnitudes. If one assumes 
that the sign of the total EFG is indeed posi­
tive, as in theory, then the very good agreement 
between experimental and theoretical results 
provides indirect support for the lattice and elec­
tronic contributions and testifies, for the latter, to 
the accuracy of the electron density distribution 
obtained from the band calculations [58] by the 
OPW procedure. For Zn, the four experimental 
values [64-67] quoted for the EFG correspond to 
four different measurements of the coupling con­
stant, two by Mössbauer effect [64, 65] and two by 
NQR spectroscopy [66, 67], The agreement between 
the theoretical value [59] of the EFG and all four 
experimental values is quite satisfactory considering 
that the range of error in Q [74] of 67Zn is about 
10%. Finally for Cd, the agreement between experi­
ment and theory is seen from Table 1 to be also 
quite satisfactory, of similar nature as for Zn. In 
the case of Cd, the experimental [68] value of the

EFG, in contract to Be, Mg, and Zn metals, is not 
based on a Q derived from atomic data but rather 
from data on NQI in ionic crystals. In fact it is 
based [75] on the ratio between quadrupole coupling 
data for 113In and ,n Cd* in the same ionic crystals. 
Since the In3+ ion is expected to cause stronger 
lattice distortion than the Cd2+ ion when acting as a 
substituent for a divalent ion in an ionic crystal, the 
error range in the value of Q of 0.77 barns for 
11'Cd* is expected to be substantially larger than 
10%, and perhaps larger than the 15% quoted in the 
literature [75], In view of this, again, as for Zn, the 
agreement between theory [60] and experiment [68] 
for Cd metal is to be considered quite satisfactory.

Before terminating the discussion of the compar­
ison between theory and experiment for the hexa­
gonal close packed metals, we would like to em pha­
size again the role of antishielding effects on the 
electronic contribution to the field gradient. Thus if 
the antishielding factor [55] yeff of 0.65 yx  had not 
been included in the electronic contributions eqe\ to 
the EFG in Zn [59] and Cd [60], the eqt\ for these 
two metals would have been considerably reduced, 
leading to net EFG ’s of 87.41 and 126.14 re­
spectively in units of 1013esu/cm 3, substantially 
smaller than the experimental values [68]. Another 
aspect of the role of ye{T for the conduction electron 
contribution has to do with an empirical relation 
that has been proposed in the literature [56] from 
the analysis of a substantial amount of data from 
radiative methods, primarily PAC, on NQI’s in pure 
metals and for impurity sites in non-cubic metals. 
This relation is

qei = K gig* (1 -  yoc)impUrity, (35)

where q^n refers to the EFG at the nucleus at 
impurity site due to the ions in the host lattice, 
assuming no lattice distortion due to the presence of 
the impurity ion, yx  is the antishielding factor for 
the impurity ion and K  is an empirical factor that 
appears to lie between - 2  and —3. The electronic 
contribution to the EFG can be derived from PAC 
data because these measurements determine the 
sign of the coupling constant and it is then possible 
to derive eqel by substracting the lattice contribu­
tion to the EFG. The results in Table 1 for pure Zn 
and Cd give for K  the values of — 3.3 and — 3.5 and 
therefore provide some support for the empirical 
relations in (35). More important, through the 
demonstration from ab initio investigations [55] for
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}'eff, that it is a sizeable fraction of yx , one is able to 
get some physical support for a relation of the type 
in (35).

For the other two hep metals, postponing the dis­
cussion of Be till the next section, one notices from 
Table 1 that for Mg, the empirical relation [56] in (35) 
does not hold at all, since K  is expected to be positive 
because q |att and qe\ have the same sign. It appears 
then as if that the relation in (35) does not hold for 
small departures of c/a  from the ideal hep value 
and thus for small departures from cubic symmetry. 
A possible reason for this would be that for nearly 
cubic symmetry as has been found from ab initio 
investigation [57, 58] there are strong cancellations 
in the EFG contributions from various bands and 
various parts of k-space. The net qe\ therefore has a 
much too complicated origin to follow a simple 
relationship like that in (35). Further, it should be 
mentioned that for Mg2+ where y^ = — 4.2, if we 
had used yefr as less than 0.65 yx , the agreement 
between the theoretical and experimental values of 
the EFG would improve further beyond that in 
Table 1. It would thus be helpful to carry out ab 
initio calculations of yeff in Mg metal by a similar 
procedure as adopted [55] for Zn and Cd.

Again, in connection with this question of the 
effective antishielding factor yefr> we would like to 
mention that its incorporation has also been found to 
be very crucial for explaining (using [76] the hybrid­
ized OPW-TB procedure discussed in Sect. 2.3.4) the 
NQI for ,29Te measured [77] in the semiconducting 
phase of Te by ME. The NQI for the semi-metal Sb 
has also been investigated [78] by the tight-binding 
procedure leading to a successful explanation of the 
121 Sb NQCC in this system as observed [79] by 
NQR. NQI data are also available [80] for Bi but no 
theoretical explanation has been attempted. It will 
be interesting to apply to this metal the TB proce­
dure found to be very successful for Sb [78].

2.6. Comparison between field-gradients 
calculated by OP W and APWprocedures -  
Application to Beryllium

To increase confidence in the calculated E FG ’s in 
metallic systems, in addition to comparison with 
experiment, it is desirable to compare the results by 
two different procedures for obtaining the band 
structure and electronic wave-functions. For a really 
critical test of the results by the two procedures.

it is important not only to compare the total EFG ’s 
but also those from individual bands and for each 
band the EFG ’s for different k in the occupied 
regions of the Brillouin zone.

There is one such comparison available [43] in the 
literature, on Be metal. Both the energy bands and 
the field gradient as a function of k  have been 
compared for the OPW and APW procedures. To 
test the sensitiveness of the results to the choice of 
potential, the APW calculations have been carried 
out for two different types of potential. The differ­
ence between the two potentials involves different 
choices for the exchange potential between the core 
and conduction electrons. For one of these po­
tentials, the Slater statistical exchange approxima­
tion [39] was used while for the other, HF exchange 
[40] was used as in the case of OPW calculations.

As was expected, the OPW and APW results for 
the HF type exchange were found [43] closer to each 
other as compared to the APW results for the 
statistical exchange approximation. More details of 
the comparison are given in our paper [43] dealing 
with this work. We shall discuss here only the band 
by band comparison of the contributions to the 
EFG.

Table 2 presents the bandwise comparison of 
contributions to the EFG by the OPW and APW 
procedures using the same potential, namely the one 
for which HF exchange between core and conduc­
tion electrons was employed. As can be seen from 
this Table, the results for the first and second bands 
compare very well. For the third band, while the 
agreement is percentagewise not as good as for the 
first and second bands, there is still reasonable 
agreement, the OPW result being about 70 percent

Table 2. Conduction electron and lattice contributions to 
the electric field-gradient (in 1 0 13 esu/cm 3) in beryllium by 
the APW and OPW procedures.

APW OPW

1st band 13.48 11.58
2 nd band -1 5 .1 8 -1 4 .8 0
3 rd band 0.83 0.58

Sum -0 .8 7 -2 .6 4
Ionic Sum 1.97 1.97
Total 1 . 1 0 -0 .6 7

Experiment ±  1.40
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of the APW result. However, because of the strong 
cancellation between the sum of the first and third 
band contributions which is positive and the second 
band contribution which is negative, the net elec­
tronic contributions by the two procedures are in 
poor agreement. Both results have negative signs 
but the APW result is only about a third of the 
OPW result. The situation for the total EFG by the 
two procedures is worsened by further cancellation 
between the ionic and total electronic contributions, 
the total values having opposite signs for the two 
approaches. It would be quite useful to have an 
experimental determination of the sign of the EFG 
to decide which procedure provides better agree­
ment with experiment. From the point of view of 
the magnitude of the EFG, there appears to be 
somewhat better agreement between the APW result 
and experiment. In principle, from purely theo­
retical considerations, one might expect the APW 
result to be somewhat more accurate for Be. The 
reason for this is that the Be2+ ion does not have 
any p-cores, so that there is no p-component built 
into the conduction electron wave function from the 
second, or orthogonality, term on the right in (5). The 
p-character of the conduction electron wave func­
tion near the nucleus, which makes the most impor­
tant contribution to the EFG, is therefore deter­
mined completely by the summation in (4) over 
plane-waves with different (k  + g,) vectors, which is 
not expected to converge rapidly. In the APW 
procedure, the p-character near the nucleus is deter­
mined by the atomic-like states inside the muffin- 
tin which are involved in (16) and the presence or 
absence of p-core electrons is not a crucial factor.

It would be interesting to carry out comparisons 
between the results by the two procedures for other 
metals, including the other hep metals in Table 1. 
For Mg, there is a 2p core, so that one does not 
expect any convergence problems as in the case of 
Be. However, again, strong cancellations between 
individual bands are observed by the OPW proce­
dure and it would be interesting to examine the 
nature of the agreement between the total EFG ’s by 
the two procedures as compared to the case of 
beryllium. For Zn and Cd, there are no severe 
cancellations between bands as in the cases of Be 
and Mg and one would expect much better agree­
ment between the OPW and APW results. It would 
be interesting to see if this expectation is borne out 
by actual calculations.

2.7. Semimetals and semiconductors

We shall next remark briefly on the situation in 
semimetals and semiconductors which was touched 
on in Section 2.5.

Thus, in contrast to metallic systems for semicon­
ductors (in the absence of any impurities which can 
donate electrons or holes), all the occupied bands 
are totally full [76, 81], In semimetals, the highest 
occupied valence band and the next higher band 
may cross in some parts of the Brillouin zone, 
leading to pockets [82] of holes and electrons near the 
Fermi-surface. An example of a pure semiconductor 
where NQI data are available is Te [77], the 
technique involved being ME while Sb [79] and Bi
[80] are two semimetals where NQR measurements 
have provided e 2 q Q.

Considering first the semi-metals, a theoretical 
investigation of the EFG has been carried out in Sb 
metal. For bands which are completely filled, one 
can write [78] the Bloch functions for the band 
electrons as

V*.»W = I  ( M r - r , ) ,  (36)
s

where (Pn( r —rs) represents the Wannier function 
[83] for the «th band centered around the 5th lattice 
site. A good approximation to the W annier func­
tions is the orthogonalized atomic orbital function
[78] obtained by orthogonalizing the atomic orbital 
associated with the energy level of the atom cor­
responding to the nth energy band to its neighbours. 
The electronic contribution to the EFG from the 
conduction electrons using the Bloch wave functions 
in (36) is given by

r 17 / 3  COS2 <9 -  1 \
{!<*>»(<•-r ,) |2 l -------P ------ I d r .  (37)

Using this procedure, combined with small but 
significant corrections from the small pockets [82] at 
the boundary of the Brillouin zone associated with 
the conduction electrons and holes, good agreement 
has been obtained [78] with experiment [79].

For Te, both band calculations [76] involving 
basis functions which were hybrids [44] of OPW and 
TB functions, and MO calculations [84], using size­
able clusters of atoms to simulate the infinite solid, 
have provided satisfactory agreement with experi­
ment [77], The success of this latter calculation [84] 
for Te and the orthogonalized atomic orbital ap­
proach [78] to the Sb problem suggest that for semi­
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conductor and semimetal calculations, cluster molec­
ular orbital approaches [85, 86] would be quite satis­
factory for explaining observed EFG’s in these sys­
tems. This is an important observation since band in­
vestigations in impurity systems or semi-infinite sys­
tems such as surfaces are rather difficult. Impurity in­
vestigations by the cluster molecular orbital approach 
have already been carried out [85] for iodine and tel­
lurium impurities in semi-conductors, providing sat­
isfactory agreement with experimental NQI data from 
Mössbauer measurements. Similar investigations have 
been carried out [86] for adsorbed halogen atoms at 
semi-conductor surfaces and muonium in semi­
conductors. Cluster calculations are in progress [87] 
for indium metal surfaces to explain NQI data [88] 
from PAC measurements.

2.8. Temperature dependence of
nuclear quadrupole interaction in metallic systems

Before concluding our discussion of the nuclear 
quadrupole interaction in pure metals, we would 
like to remark on the temperature dependence of 
the NQCC’s. From experimental measurements, 
with the appropriate techniques, NM R [1] and 
NQR [2], ME [6], PAC [5] and other radiative 
methods, the EFG at the nuclei in metallic systems 
have been found to have the temperature dependence 
represented by [89]

q(T) = q ( 0 ) ( \ - ß T “) .  (38)

The factor a appears to be close to 3/2 in most per­
fect metals and imperfect metallic systems, leading to 
what is referred in the literature [90] as T i,J law. 
However, there are a num ber of cases, especially at 
the nuclei of the impurities in some imperfect 
metallic systems, where there is significant depar­
ture [91] from this T 3/2 dependence.

For the understanding of the temperature 
dependence of the EFG, one has to consider the 
effects [92] of vibrational motions or phonons of the 
lattice on the various contributions to the EFG. 
Considering the fact that both the ionic charges on 
the lattice and the conduction electrons contribute 
to the EFG and that there can be three types of 
vibrational motions in the lattice as will just be 
explained, one expects [92] in general six types of 
phonon contributions to the temperature dependence. 
The three types of vibrational effects [93] can be 
characterized by harmonic, anharmonic, and aniso­

tropic effects, arising from the corresponding natures 
of the effective potentials for the interaction between 
the ions. The harmonic effect refers to the normal 
harmonic oscillator type potential, proportional to the 
square of the ionic displacements, the anharmonic ef­
fect referring to cubic and higher power dependences 
and responsible for the expansion of the lattice with 
temperature. The anisotropic nature of the lattice 
vibrations refers to the variation in their amplitudes 
with direction, which would not be present in cubic 
lattices but would occur in lattices departing from 
cubic symmetry as in the cases of the metals with 
hexagonal close packed structures discussed in Sec­
tion 2.5.

Some of these mechanisms have been treated 
parametrically [94] as well as from a more first 
principle [95] point of view in a number of metals. 
A comprehensive treatment [92] including all six 
mechanisms has been carried out for Zn and Cd. 
We shall only touch on some of the salient features of 
the results and conclusions from this latter work. 
Thus, it has been shown that as far as the lattice con­
tribution to the EFG is concerned, the contribution 
from the isotropic lattice vibrations to the temper­
ature dependence exactly vanishes [92]. The other 
five contributions to the temperature dependence 
are non-vanishing and their contributions are in­
cluded in Figs. 2 and 3 for the two metals.

From Figs. 2 and 3, the major temperature 
dependence of the lattice contribution is seen to 
arise from the anharmonic lattice vibrations, this 
effect being evaluated by carrying out the lattice 
summation in (1) using the lattice parameters at 
different temperatures. The influence of the aniso­
tropic lattice vibrations is smaller but significant 
and in the opposite direction. The temperature 
dependence of the electronic contribution derives its 
major contribution from the isotropic lattice vibra­
tions. There are two ways that this temperature 
dependence arises [92], through the influence of the 
lattice vibrations on the potential experienced by 
the conduction electrons and the fluctuation they 
cause in the position of the nucleus at which the 
EFG due to the conduction electrons is being 
evaluated. These two effects manifest themselves 
through Debye-Waller factors [96] in the matrix 
elements of the potential and the structure factors in 
the expression for the EFG. The influence of aniso­
tropic lattice vibrations on the EFG due to the con­
duction electrons was argued [92] to be rather small
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Fig. 2.

Fig. 1. Contour lines for the muffin-tin potential. R s is the muffin-tin radius.

Fig. 2. Temperature dependence o f the EFG in Zn. The calculated anharmonic and anisotropic lattice contributions are 
labeled <5(>anharm an<3 &7aniso respectively, with <5̂ latt, 5qt\ and dqlot being the net lattice, net electronic, and total changes 
in q, respectively. The experimental values 8qexp represented by A are obtained from [98].

Fig. 3. Temperature variation o f the EFG in Cd. The 
calculated anharmonic and anisotropic lattice contribu­
tions are labeled &7anharm and &7aniso respectively, with 
<5<7latt 7 dqei and 5qtoX being the net lattice, net electronic, and 
total changes in q, respectively. A represents data obtained 
from R. S. Raghavan and P. Raghavan in Ref. [97], and 0 
represents data obtained from J. Bleck et al. also from [97],

compared to that o f the isotropic lattice vibrations 
and was not included. The influence of the an- 
harmonicity of the lattice vibrations was studied 
as in the case of the lattice contribution by evaluat­
ing the electronic contribution for the different lat­
tice constants at different temperatures. It was 
found [92] to contribute less than 5% of the temper­
ature dependence arising from the influence of the 
isotropic component of the lattice vibrations. Be­
cause of its smallness, the anharmonicity contribu­
tion is not shown separately but is combined with

the isotropic contribution, the combined contribu­
tion being represented as öqe\ in the Figs. 2 and 3. 
From the Figs. 2 and 3, the electronic contribution 
to the temperature variation of the EFG is seen to 
be substantially larger than the lattice contribution 
although both have the same sign. The comparison 
between the net theoretical changes in the EFG ’s 
with temperature and experiment for the two metals 
indicates that for Cd, there is good agreement 
between theory [92] and experiment [97] in the 
range 200 ^  7VK ^  300 where most of the ex­
perimental data is available. There is one experi­
mental point available at liquid nitrogen tem per­
ature which indicates a significantly weaker tem per­
ature variation than predicted by theory. More 
experimental points are needed in this temperature 
region to clarify the situation. For Zn, the ex­
perimental [98] variation in the EFG with tem per­
ature to be about a factor of two weaker than 
predicted by theory. It would be interesting to test if 
the theoretical temperature dependence for the net 
EFG is significantly influenced in the two metals by 
the use of more accurate phonon distribution curves 
from theory or experiment than from the Debye 
model used [92] for evaluating the Debye-Waller 
factors [96]. It would also be interesting to study the 
temperature dependence of the electronic contribu­
tion by other procedures, such as the APW proce­
dure besides the OPW procedure based on pseudo­
potential theory used in the work on Zn and Cd. 
Such analysis would throw some light on the factors
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that could bridge the remaining difference between 
theory and experiment for Zn. However, overall, 
there appears to be reasonably satisfactory agree­
ment [92] between the theoretical and experimental 
temperature dependences for Zn and Cd. Since 
the experimental temperature dependences [97, 98] 
for these two metals appear to follow the T 2/2 
law [90] it appears that theory supports this law. 
However, in view of the different temperature 
dependences predicted by the various different 
mechanisms as seen from the Figs. 2 and 3, one 
cannot generalize that a T i/2 behaviour will be 
expected in general from theory. Instead, what the 
theoretial analysis shows is that all mechanisms 
contributing to the tem perature dependences of the 
EFG have to be carefully evaluated and combined 
in making comparisons with experiment.

In concluding this discussion of the EFG ’s in pure 
metals, it should be mentioned that there have not 
been as comprehensive theoretical investigations of 
the pressure dependence [99, 100] of the EFG as for 
the temperature dependence. A substantial contribu­
tion to the pressure dependence is of course ex­
pected from changes in lattice parameters with 
pressure. However the important dependence [92] of 
the EFG on isotropic and anisotropic lattice vibra­
tions (or phonon effects) discussed in this Section 
suggests that the influence of pressure on the 
phonon spectrum and consequently on the electronic 
and lattice contributions to the EFG will have to be 
incorporated in attempting a quantitative compar­
ison between theoretical and experimental temper­
ature dependences.

3. Origin of Nuclear Quadruple Interaction 
in Imperfect M etallic Systems

NQI data are available in metallic systems with 
various kinds of point defects among them, sub­
stitutional impurities as in dilute alloys [101-107], 
interstitial impurities such as muons in metals 
[108, 109] and vacancies [102, 110]. Such data are 
obtained for the host atom nuclei adjacent to the 
imperfection from both conventional NM R [111] as 
well as special double resonance techniques [112] 
and muon spin rotation technique [108, 109]. For 
the solute nuclei, the main source [104] of data is 
from y — y or ß — y PAC [3] as well as related 
techniques [4, 5] and from ME [6].

The general equation ( 1) in Section 2 of course 
holds for these imperfect systems. The main problem 
in making use of it is the difficulty in the deter­
mination of the electron density g(r) and positions 
of the ions in the presence of the imperfection. 
Unlike the case of pure metals, the positions of the 
ions in the lattice adjacent to the imperfection are 
not readily measurable, although some information 
can be obtainable from EXAFS measurements [113]. 
Secondly the lack of short range periodicity makes 
the determination of the electronic wave-functions, 
and hence the charge density, difficult.

In Sects. 3.1 and 3.3 we shall briefly discuss the 
mechanisms that can contribute to the perturbation 
in @(r), from that in the perfect host lattice, in the 
presence of the impurity as well as lattice distortion 
effects and the expected influence of these effects on 
EFG’s at the host and impurity nuclei. In Sects. 3.2 
and 3.4 we shall consider two sets of systems that we 
have worked on, as illustrations of the contributions 
to the EFG’s from some of these factors. This will 
allow an assessment of the current procedures for 
analyzing the origins of EFG ’s in imperfect systems 
and to reach conclusions about possible directions 
to improve the understanding of this rather complex 
field.

3.1. Discussion o f  sources contributing to the 
electric field-gradients at host nuclei in the presence 
o f  imperfections

Considering first a cubic metal host, the EFG ’s at 
the nuclei in the perfect metal vanish due to the 
cubic symmetry of the environment about them. 
When a point imperfection or im purity (we shall 
use the two terms interchangeably) is introduced, 
such as a solute atom in a dilute alloy, a vacancy, or 
a positive muon in an interstitital position to be 
discussed in the next section, the cubic symmetry of 
the environment can break down due to two rea­
sons. If the impurity carries a formal charge Z ' 
(such as in the case of a zinc impurity in a copper 
lattice, the divalent Zn2+ ion carrying a formal 
charge of unity, or a vacancy in a copper lattice, 
which would be considered to carry a negative 
formal charge, or the positive formal charge for 
the muon in the interstitial position) then the extra 
potential due to the formal charge can produce a 
perturbation [114-124] in the conduction electron 
density in its surroundings, leading to a breakdown
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of cubic symmetry at the neighbouring host nuclei 
and hence to a finite EFG. A change in conduction 
electron density can be brought about also by a solute 
ion which does not carry a formal charge. This can 
happen in two ways: a) The difference in the ionic 
potential (from the nuclear charge and electrons on 
the ion) between the solute ion and the host ion it 
replaces can act as a source of perturbation, b) Lat­
tice distortion can occur due to the difference in the 
sizes of host and solute ions, involving displacements 
of host ions neighbouring the solute ion, which in turn 
can lead to a change in the potential experienced by 
the conduction electrons. The lattice distortion [123, 
125-129] of course, in addition to its indirect effect 
through the change in the conduction electron 
distribution it produces, is also a direct source of 
EFG ’s at the host nuclei. This is because the lattice 
distortion destroys the cubic arrangement of neigh­
bouring ions around the host nuclei which can lead 
to a finite EFG from the charges on these ions. 
The lattice distortion can arise not only due to the 
difference in sizes of the host and solute ions but 
also their difference in charges, the accompanying 
change in conduction electron distribution leading 
to changes in the potentials at the ion sites and 
hence a redistribution in their positions. Thus, there 
are a number of causes associated with the distor­
tions in the electron distribution and lattice posi­
tions, and their interactions, which can lead to a 
local departure from cubic symmetry around the 
host nuclei and the appearance of EFG ’s.

It is because of this complexity of the whole 
problem that the electronic and lattice contributions 
to the EFG ’s in these systems have been treated in 
approximate ways so far. We shall now briefly 
discuss these mechanisms starting with the elec­
tronic contribution first. It should be pointed out 
that in non-cubic metals, these electronic and lattice 
contributions brought about by the presence of the 
impurity will also lead to changes in the EFG ’s at 
host ion nuclei in the perfect host metal, the 
EFG ’s being of course finite even in the absence of 
the impurity. There have not been many studies of 
EFG ’s at host nuclei in non-cubic metals, the major 
studies in these systems having been carried out at 
the impurity sites using nuclear radiative tech­
niques. We shall consider this latter situation in 
Sects. 3.3 and 3.4. Our discussions in the rest of this 
section and the next will be confined to host ion 
nuclei in cubic hosts containing imperfections.

The earliest theoretical treatment of the conduc­
tion electron contribution to the EFG (also referred 
to in the literature as valence contribution) at host 
nuclei in cubic host metals was carried out simul­
taneously by Kohn and Vosko [115] and Blandin 
and Friedel [116]. These authors considered the 
scattering of the Bloch electrons due to the per­
turbing potential produced by an impurity with a 
formal charge Z '. In the asymptotic region, at large 
distance from the impurity, the scattered wave 
solution can be written in the form

Qkir) =  y/k(r) + f(k< * ')
¥k(r) , (38)

where k is the crystal momentum for the Bloch 
electron with wavefunction y/k(r) in the perfect host 
and k' has the same magnitude as k but a direction 
corresponding to r, the radius vector joining the 
impurity and the host nucleus whose EFG is of 
interest. It is assumed that the function f (k ,k ' )  
depends only on the magnitude of k and the angle 6 
between k and k', so that one can write it as f k {&). 
As is usual in scattering theory, one can expand 
f k (0 ) in terms of phase shifts rjt in the form

1 x
f k W )  = - r ~ r  E  ( 2 / +  l ) ( e 2 " ” <‘ > -  1 ) / > , ( c o s 0 ) ,  (39) 

2 i k  /_o

Pi(cos 6) being the Legendre polynomial. Equa­
tion (38) for the perturbed function <Pk(r) is used to 
derive [115, 116] the net change in electron density 
<5g(r) at any point described by radius vector r  with 
respect to the impurity, a summation being carried 
out over all occupied k states lying below the Fermi 
surface. Assuming the Fermi surface to be spher­
ical, the expression for <5g(r) is given by

1

■ exp (2 i k f  r) [ukF (r)]2 k Ff kr (n) +

(40)

complex 1 
conjugate)

where kF is in the direction of r and uk(r) are the 
periodic functions in the Bloch wave-functions for 
the host metal:

Vk(r) =  e ik ruk( r ) . (41)

On substituting w*F( r )=  1, the expression for <3@(r) 
in (40) reduces to the corresponding form for free
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electrons scattered by the impurity that has been 
derived by Friedel [114], namely

<5(?free(r ) =  A cos (2 kFr + <p) /  r3, (42)

where the quantities A and (p are related to the 
phase shifts ///. Using the expression for ög(r) in
(40) the EFG (at a host nuclear site described by 
the radius vector rs with the impurity as origin) due 
to the combined effect of the formal charge Z '  on 
the impurity and the electron density change ög(rs) 
produced by it at a host nuclear site rs has been 
derived [115, 116] to have the form

q" = -y - a (*F) ^free(^) , (43)

where gv represents the maximum component of the 
valence contribution to the EFG tensor in the 
direction of rs, about which qv is axially symmetric,

a " d  ,4 4 )
J P2(cos0')r' J dr '

is the enhancement factor due to the fact that the 
conduction electrons are represented by Bloch wave- 
functions and not plane waves. For the latter, a (kF) 
would be equal to unity. In (44), kF represents the 
Fermi momentum vector in the direction of rs and 
9 ' the angle between the integration vector r’ and rs. 
In deriving (43), two assumptions have been made. 
One is that the contribution to the EFG from the 
formal charge Z ' on the impurity is almost com­
pletely cancelled [116] by the effect of the density 
fluctuation <3g(r) long before one reaches the neigh­
bourhood of the host nucleus of interest and that 
the EFG at the host nucleus arises from Sg(r) in the 
vicinity of this nucleus. The other assumption is 
that antishielding effects due to the cores of the host 
ion containing the nucleus of interest may be 
neglected. The first assumption is a reasonable one 
for host nuclei far away from the impurity but 
needs to be corrected, as will be discussed later in 
this Section, for nuclei at nearest neighbour sites as 
well as others not too far away such as the second 
and third nearest neighbours. The influence of anti­
shielding effects on y.(k¥) can be incorporated [115] 
using the antishielding function y(r') discussed in 
Sect. 1 and 2.4 leading to

8 7z 
P2 (cos 9')
-  ,3 (1 +  7 ( 0 )  dr- .  (45)

The factor 3/8 n arises out of the fact that the 
integral in the denominator in (44) involving plane 
waves has a magnitude of 8 tz/ 3 .

In using (43), combined with a(fcF) in (45), for 
evaluating <?v, one needs a knowledge of A and (p. 
Since these two quantities are related to the phase 
shifts r\i for scattering of free electrons, one could 
use the first Born approximation [130] to derive 
these phase shifts. This would lead to two dif­
ficulties. First, one would need an explicit form for 
the impurity potential and secondly it would be 
equivalent to handling this potential in First-order 
perturbation theory, presupposing the impurity 
potential to be weak. Instead, in the literature 
[114, 115] A and (p have been derived by retaining 
the contributions to them from only the s and p 
phase shifts. These phase shifts have been derived 
from two equations, corresponding to the Friedel 
sum rule [114-116]

Z ' = - I  (2/+1) „(**)> 
71 1 = 0

(46)

Z ' being the formal charge on the impurity, and 
another equation [115, 116] relating the residual re­
sistance of the dilute alloy to the rj/(kF). Only the s 
and p phase shifts are retained in the summation in
(46) and that in the expression [115] for the residual 
resistance.

NQI data are now available at host nuclear sites 
[102, 103, 108-110] close to the impurity, including 
the nearest neighbours in both substitutional and 
interstitial systems. The approximation of a large 
distance between host nucleus and impurity used in 
deriving (45) for qy would not be valid for these 
situations and corrections are needed in two re­
spects. The first is that the assumption [115, 116] 
that the EFG due to the formal charge on the 
impurity is totally neutralized by the density fluctua­
tion Sg(r) in the region between the immediate 
vicinity of the nucleus and the impurity is no longer 
valid. Secondly, one has to make use of an expres­
sion for the density fluctuation Sg(r) that is valid 
for shorter distances from the impurity than the 
asymptotic region. Efforts to correct for the effects 
of these two approximations have been made by a 
number of investigators [117-121, 123, 124, 129]. 
We shall summarize here some of the approaches 
that have been used for the study of Sg(r) and 
EFG’s in the preasymptotic region. The reader is 
reforced to the individual papers in the literature
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[117-121, 123, 124, 129] for details and further dis­
cussions.

Regarding the influence of incomplete cancella­
tion of the EFG due to the impurity charge, the 
following expression has been utilized [123, 124, 
129, 131-133]

8 71
4v =  ^ - * ( * f ) ^£?free ( r ) 4 Ti r

(47)

oo n 2 n

j  J J <k>(r') r/2dr 'd  cos 9 'd&'
r 0 0

For the asymptotic region, r is large and the second 
term in the square brackets in (47) reduces to zero, so 
that (47) reduces to the form in (43).

The second correction involves replacing <5gfree(r) 
in (43) by an expression for the density fluctuation 
that holds in the preasymptotic region. One of the 
procedures for this is to replace the expression (42) 
for (50free(f) by a summation of the form [117]

< ^free  ( 0  =  X  
n = 1

A n cos (2 k Fr + &n)
„2 + n (48)

with the parameters A„ and </>„ involving first and 
higher derivatives of the phase shifts rji(k) with 
respect to k  for the Fermi wave-vektor k?. Applica­
tions [128, 129, 131, 132] have been made of this ex­
pression including up to the second term, n = 2 .

The evaluation of Sgfree(r) for the preasymptotic 
region has also been attempted [119] using a per­
turbation approach involving the difference in pseu­
dopotentials of the impurity and host atoms. Self- 
consistency effects have been incorporated [119] 
using a dielectric shielding function [134] including 
exchange effects. The ÖQfree(r) derived in this way 
shows oscillatory behaviour with respect to the 
impurity, the behaviour in the asymptotic region 
being similar that given by (42). The pseudopoten­
tial approach has been criticized [135] on the basis 
that the difference in impurity and host potentials 
may be too strong to handle within the framework 
of first-order perturbation theory and that the re­
sults depend rather sensitively on the choice of the 
pseudopotential.

Another approach [120-123, 135] that can be 
described as a self-consistent non-linear response 
theory involves the solution of the Schrödinger 
equation for the system with the impurity at the 
center. The potential in the Schrödinger equation 
was determined by the nuclear charge of the impurity

atom, the Coulomb and exchange potentials asso­
ciated with the electrons in the system (exchange 
being included within the framework of the statis­
tical exchange approximation [39]), and the potential 
due to a uniform positive background with average 
density determined by the nuclear charges of the 
host nuclei. This latter approximation is referred to 
in the literature as the jellium approach. ög(r) 
due to the impurity has been obtained in this 
approach by carrying out the calculations first with 
the impurity ion at the substitutional site and then 
the host ion and taking the difference in the 
densities ^ ( r )  and For an interstitial impurity
[121] only ^ ( r )  with the impurity at the intersti­
tial site, is necessary. As an improvement on this 
procedure, the jellium approximation for the back­
ground potential from the ion in the lattice has been 
replaced [136] by a spherical solid approxim a­
tion [120, 136, 137], where the charges of the ions in 
the lattice are replaced by their spherical average. 
These two approaches, the jellium and spherical 
solid models, of course have the limitations that the 
influence of the potential due to the ions in the host 
lattice, which would be in discrete periodic posi­
tions in the perfect lattice, is being approximated by 
the homogeneous jellium or isotropic spherical solid 
models and furthermore, the statistical approxim a­
tion to the exchange interaction is used, which limits 
the accuray of magnetic and nuclear quadrupole 
hyperfine properties [138, 139]. However, the non 
linear response procedures [120-123, 135] have the 
merits of avoiding the perturbation approximation, 
which is not appropriate when the impurity poten­
tial is relatively strong, and also of incorporating 
self-consistency within the framework of the models 
employed.

The dependences of ög(r) on r for a vacancy in 
aluminium from a recent calculation [136] using 
both the jellium and spherical solid approximations 
are shown in Figure 4. The results with the two 
approximations agree well at large r but differ 
significantly for small r. This suggests that the 
introduction of the actual lattice potential, which 
will lead to greater inhomogeneity than with the 
spherical solid approximation, would probably re­
sult in further significant changes in (5@(r) at 
smaller r.

Lattice distortion effects associated with the pres­
ence of substitutional and interstitial impurities and 
vacancies and their effects on the EFG have been
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Fig. 4. Variation o f the perturbation g(r) in electron 
density with distance r from a vacancy in Al (Ref. [136]), 
using the self-consistent non-linear response procedure. 
The dashed and continuous lines refer to the jellium  and 
spherical solid approximations respectively. a0 is the Bohr 
radius.

treated [123-125, 127, 129, 131, 132, 135, 136, 140] 
so far primarily in terms of continuum elastic dis­
tortion approaches [129, 140]. There has been one 
attempt [128] to take account for the discreteness of 
the lattice which shall be discussed after describing 
the continuum approaches that have been employed.

The version of the continuum model [129] that 
has been used most extensively, assumes radial dis­
placements of the host ions about the impurity of 
the form

u= D —t  (49)
r

with D given by the relation
D = A V /4n  yE, (50)

A V being the change in volume of the lattice per 
impurity using the misfitting sphere model [141] for 
the impurity. The misfit arises for instance from the 
difference in impurity and host ion radii for sub­
stitutional impurities or from the impurity ion 
being inserted in an interstitial region which was 
previously empty.

yE is related [141] to the Poisson ratio o for the 
host material by

3 (1  ~  er)
y e  —

1 + o
(51)

being about 1.5 for most metals. The volume pa­
rameter A Vis obtained from the relation [141]

3 , d a
^ = 7 «  2 - r -4 dc

where a is the lattice parameter for the host lattice 
and da/dc  its rate of change with respect to im pu­
rity concentration.

One could obtain the contribution to the EFG 
from ionic charges by carrying out lattice summa­
tions of the form given by the first term in ( 1) using 
lattice positions in the cubic distorted lattice ob­
tained by including displacements given by (49). 
This contribution, referred to as the direct size 
effect or simply size effect in the literature, has 
instead usually been obtained in a semi-empirical 
manner as follows [129]. Thus, from symmetry argu­
ments, one can relate [125] the components of the 
EFG tensor at any point described by position 
vector rs with respect to the impurity as origin to 
the strain components e,y- produced by the lattice 
distortion through the equation

= ~ [ ( F  iie F\l)  3 X  £-kk)

+  2 ( 1  -  öi j )  F 4 4  Sjj ] ,

where
1 [du, du, 

Ei i =  —  —-------1-
2  \  0.X , 0 .X /

(53)

(54)

(52)

with i, j,  and k  referring to .x, y, and z and the Fmn 
referring to the components of a fourth order tensor. 
The components of the tensor Fmn, or rather the 
combination (Fu -  F x2) and F44 which occur in (53), 
have been obtained in the literature in the following 
manner [129]. Thus, assuming a uniform strain in a 
fee lattice and carrying out the summations over unit 
charges over the twelve nearest neighbours leads to 
[!26]

^11 - F \2 = -  3 ^ 44= 18 ]f2 e / a \  (55)

where a is the lattice parameter. This expression has 
been utilized [129] with an empirical factor the 
argument give for this factor being that the result 
[126] in (55) is based on unshielded point charges. 
The factor A could in principle incorporate anti­
shielding effects due to core electrons. It could also 
include in an indirect manner the influence of the 
response of the conduction electrons to the change 
in potential produced by the movement of the host 
ions from their original positions due to lattice 
distortion and a correction for the fact that (55) 
involved only the summation over the first twelve
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neighbours in the fee lattice. The actual expression 
used for (F,] -  F n ) and F44 is thus given by [129]

\ % y i k e
^11 ^12 — 3 / r44 — (56)

As an illustration of the combined use of (49) 
through (54) and (56), the expressions for the EFG 
tensor components at the First nearest neighbour of 
an impurity in a fee lattice would be given by [129]

54 ] /2 / 
16 n yE

1 d a
c dc

<lzz =
27 1/2 A / 1 d a  \ d\
16 n yE \  c dc ) a

(57)

q h  =
27 ]/2 / 1 da \ d ,3

16 n 7e \ c dc J a

where d\ = a/^ 1  is the nearest neighbour distance. 
The presence of the off-diagonal term in (57) leads 
to the results that the principal axes for the size- 
effect contribution to the EFG tensor do not co­
incide with the crystal axes, and furthermore, that the 
EFG tensor is not axially symmetric about the line 
joining the impurity and the host nuclear site under 
question, in contrast to the axial symmetry expected 
for the valence contribution. This feature of the 
possibility of having a finite asymmetry parameter 
due to the size-effect tensor qs is a result of the 
occurrence of the fourth rank tensor Fmn in (53) 
which brings in the local symmetry of the host 
lattice point in the crystal. O f course, to get the 
principal component of the net q, one has to add the 
components q]j and q]j and diagonalize the sum. 
The EFG tensor at the second nearest neighbour 
site is expected from these considerations to be 
axially symmetric.

The expression for qfj in (53) has been used for 
the first through fourth nearest neighbours in several 
alloys with copper as host [124] for Mg-Al alloy 
[131] and vacancy in aluminium [132]. For the 
copper alloy work, using different a for different 
neighbours, values ranging rather widely from 
/. = — 25 to /„ = + 87 have been obtained in attem pt­
ing to get agreement with experimental data. For 
the aluminium work [131, 132] one value of a has 
been used for all neighbours, the value being ob­
tained by fitting theory and experiment for one set 
of neighbours, the values of /. needed being — 18 for

the alloy [131] and -8 5  for the vacancy [132], again 
a wide variation.

An alternate form of the displacement vector u 
has been proposed [135, 140] in the literature, 
namely

u — A —t  cos (2 k F r + 0 ) . (58)

While there is no rigorous reason for choosing this 
form, this form has been suggested as a plausible 
one because the perturbed electron density in (42) 
shows such an oscillatory behaviour. Some other 
arguments have also been cited [140] in support of 
this form for the displacement vector. The phase 
factor (P is obtained from elastic theory [142] and 
the parameter A is determined [136, 140] by fitting 
to the results of ab initio calculations [143-145] of 
lattice displacement where available, thus indirectly 
bringing in some features of the discreteness of the 
lattice into the theory. The rest of the procedure 
[135] in relating this expression for the displacement 
vector to the EFG components is the same as 
before, utilizing for this purpose (53), (54) and (56). 
The parameter a is again determined [135, 136] by 
fitting the experimental NQI data for one set of 
neighbouring host nuclei to the theoretical results 
obtained by summing the valence and size effect 
contributions. Applications [135, 136, 140] have 
been made to systems involving vacancies in A1 and 
Cu and a number of substitutional A1 alloy systems. 
The values of a needed in this procedure are 
considerably smaller, in the region — 1 to -  5. The 
size effects for 63Cu and 27A1 nuclei which are 
nearest neighbours to a positive muon in the cor­
responding metals have been evaluated [136] by this 
procedure using the oscillatory displacement vector. 
We shall discuss the results in the next section, 
where we combine them with the valence contribu­
tions obtained using the values of a (k F) that we 
have derived [146] for these metals and compare 
with experimental results from (aSR measurements 
[108, 109],

Finally, as has been mentioned earlier, a discrete 
summation of the contributions to the EFG from 
the displaced ions in the lattice using the expression 
in the first term in ( 1) has been carried out [128] for 
a vacancy in Al. The displaced ion positions of the 
ions used in this work were taken from ab initio in­
vestigations [143], This obviates the need for using 
the fourth rank tensor Fmn in the elastic continuum
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approximation and hence of the empirical param ­
eter X. The use of this procedure would of course be 
limited to those imperfect systems in which results 
of time-consuming ab initio investigations of host 
ion positions are available.

Lastly, we would like to remark on the question 
of the influence of lattice distortion on the perturba­
tion of the electron density and vice versa. There are 
two effects discussed [129] in the literature concern­
ing the former. The first is that one should use the 
electron density fluctuation ög(r) of the displaced 
host ion position in (47) rather than the undisplaced 
position in the perfect host. One would not normally 
expect any significant effect due to this modifica­
tion, especially for the distant host nuclei, since 
even at the nearest neighbours of the impurity, the 
fractional displacements [143-145] are 3% or less. 
The second effect mentioned [129] in the literature 
is a correction to the Friedel sum rule in (46) 
involving the summation over scattering phase shifts 
rjt . This rule has been modified and the following 
replacement Z'efT has been proposed [147] for the 
formal charge Z ' in (46), namely

In the treatments of the valence contributions to the 
EFG ’s at host nuclei based on the asymptotic form 
(42) or the preasymptotic form (48), the influence of 
this correction is taken care of by using the Hurd- 
Gordon phase-shifts [148] for the evaluation of A 
and <t> (or A n and <£>„ in (48)) which take account of 
the Blatt correction in (59) to the phase shifts. The 
Blatt correction has also been incorporated [135] into 
other procedures for ög(r) including the nonlinear 
response procedure [120-123] discussed earlier.

As regards the influence of the electron density 
perturbation on the lattice distortion effect, the use 
of the adjustable parameter X in both the elastic 
continuum procedures used in the literature can in 
principle include part of this effect indirectly be­
cause it is determined by matching theoretical and 
experimental EFG ’s for certain neighbouring host 
ion nuclei. Also the use of the relation (50) for the 
parameter D in the host ion displacement vectors 
(Eq. (49)) would indirectly include part of the in­
fluence of the electronic density perturbation be­
cause the latter can affect the change in lattice 
parameter due to the presence of the impurity and 
hence da/dc (Equation (57)).

3.2. Electric field-gradient at nearest neighbour site 
in copper and aluminium due to muonium at 
interstitial site

The presence of a^i + ion at an interstitial site in a 
cubic metal destroys the cubic symmetry at the 
nuclear sites at the neighbouring nuclei leading to 
finite EFG’s at these sites. The finite NQI at the 
nearest neighbour nuclear sites due to these EFG ’s 
have been obtained [108, 109] from the magnetic 
field-dependence of the line-widths of muon spin 
rotation spectra [149]. The muon spin rotation (nSR) 
spectrum is related to the Larmor precession effects 
for (i+ in applied or internal fields in course of its 
decay into a positron, neutrino and antineutrino. 
The process of extraction of this NQI is well 
described [149]. We shall be concerned here with 
only the origin of the observed NQI’s at the neigh­
bouring nuclei.

From the NQ CC’s obtained from (iSR measure­
ments [108, 109] for the nearest neighbour 63Cu and 
27A1 nuclei in Cu and Al, the EFG ’s at these sites 
have been derived to be 13.0 • 10+13 esu/cm 3 and 
about 8.6 • 10+13 esu/cm 3 respectively. We have ana­
lyzed the valence contribution to the EFG using 
(45) and (47). The enhancement factor a (k F) defined 
in (45) (with kF representing the Fermi momentum 
in the direction joining the impurity and the nucleus 
at which the EFG is being studied) has been cal­
culated [146] using band wave-functions for the two 
metals by both APW and OPW procedures. The 
values obtained for a (/rF) are not only of interest 
because they represent the first ab initio investiga­
tions of this factor using both accurate band wave- 
functions for the pure metal and antishielding effects, 
but also because they represent the first comparison 
for i  by two independent methods using the same 
potential and by the same group. We shall briefly 
describe our procedures and results for a (kF) and 
then proceed to the comparison between our cal­
culated valence contributions and experimental 
results.

The y.{k¥) in our work were evaluated using (45). 
The direction of the Fermi momentum corresponds 
to the (100) direction. For Cu, for both the APW 
and OPW functions, a potential used in the litera­
ture for earlier calculations [150] of the band-struc- 
ture and Fermi surface dimensions has been utilized. 
For Al, we have utilized a potential used in earlier 
OPW calculations [151] for analysis of the Fermi
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surface and Knight shifts in NMR measurements. 
For the incorporation of antishielding effects, one 
can utilize for both the OPW and APW investiga­
tions the procedure [55] described in Section 2.4.

The convergence of a (ArF) with the sizes of the 
basis sets was tested carefully [146] for both the 
OPW and APW investigations and it was found that 
for the OPW case with 52 basis functions, a conver­
gence of about one percent was attainable for Cu 
and about 3 percent for Al. For the APW case, the 
rate of convergence was comparable to OPW for Cu 
but was substantially faster for Al.

The results for a(AcF) found by these procedures 
are:

a  ( ^ f ) a i - o p w  = 13.7; a ( A f ) a i - a p w  — 10-1; (60) 
a  ( ^ f ) c u - o p w  = 36.3; a (fcF)Cu.APW =  29.5. (61)

It is gratifying that the values of a by the OPW and 
APW procedures compare well for both metals, 
complementing the satisfactory agreement found [43] 
by the two procedures for band by band results for 
the EFG in pure Be discussed in Section 2.5.

Before discussing the results obtained for the 
valence contributions to the EFG ’s at 63Cu and 27Al 
nuclei at the nearest neighbour sites of muon using
(47) and our calculated ot(k¥), we would like to 
compare the latter with results from earlier investi­
gations. Thus, for Al, there have been a number of 
earlier investigations of a(AF). Among these, there 
was one [152] in which the Bloch wave-functions for 
the conduction electrons were taken as linear com­
binations of OPW wave-functions. But instead of 
obtaining them by a variational method as in 
Sect. 2.3.2 or 2.3.5, the admixture of the OPW func­
tions was obtained through the application of per­
turbation theory using a pseudopotential. The wave- 
function yskF(r) by this procedure, when used in (44), 
led to a value [152] of 14.8 for a(/cF) in the (111) 
direction. In a later investigation [153], the mixing of 
the OPW ’s was handled varionally as described in 
Sect. 2.3.5 through the use of a plane wave basis set 
and three different pseudopotentials. This proce­
dure leads to linear combinations of plane wave 
wave functions from which the linear combination 
of OPW functions are derived, see Section 2.3.5. 
The values obtained [153] for oc(kF) for the three 
different pseudopotentials were 5.8, 6.4 and 6.2. 
None of these earlier calculations appear to have 
incorporated antishielding effects. The three values 
from the later procedure [153] appear to be signifi­

cantly smaller than our OPW results, at least part of 
the difference perhaps being related to the influence 
of antishielding effects included in our work. The 
difference with the other linear combination of 
OPW investigation [152] is in the other direction. It 
is not possible to explain the latter difference as due 
to the antishielding effect, since this effect is ex­
pected to increase the enhancement factor further 
beyond the value for a ( k F), which is already some­
what larger than our OPW result.

For copper, an earlier value of ct(kF) had been 
obtained [121] using TB functions based on 3 s, 3 p 
and 3 d orbital states. This result, — 6.5, was rather 
small and had opposite sign as compared to (61). 
No antishielding effects were included in this earlier 
work. We feel that the reasons for the strong dif­
ference between this result and ours is a conse­
quence of both the neglect of antishielding effects as 
well as the limited nature of the basis set employed 
for the TB calculation. For the TB representation of 
the conduction band electrons wave-functions which 
are rather delocalized in this metal, one would need 
a much larger basis set, including especially 4p, 
5p, and higher orbitals which can make important 
contributions to the EFG.

Using our values of a (&F) for Cu and Al in (60) 
and (61) and the expression (47) for the valence 
contribution to the EFG, we have obtained the 
EFG at the nearest neighbour 63Cu and 27A1 sites in 
the presence of the interstitial |i+, see Table 3. The 
result for <5@(r) in (47) were taken [154] from a 
recent calculation [136] in which the perturbation of 
the charge density was obtained by the non-linear 
response procedure, with the impurity at the 
origin and the potential due to the surrounding ions 
replaced by a spherical average of the pseudopoten­
tials associated with the ions in the host lattice, 
referred to as the spherical solid approximation as 
discussed in Section 3.1.

It appears from Table 3 that there is reasonable 
agreement between the theoretical valence contribu-

Table 3. Electric field-gradients at nearest neighbour nuclei 
due to valence contributionsa in aluminium and copper.

System OPW APW Experiment

H+ in Al 17.5 12.9 8 . 6  b
H+ in Cu -4 6 .8 -3 8 .0 113.0 ±  7.2 c

a In units o f  1013 esu/cm 3; b Ref. [108]; c Ref. [109],
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tions in Al and the experimental result while the 
theoretical result for Cu is substantially overesti­
mated compared to experiment.

As mentioned earlier in this section, the size 
effect contributions to the EFG from the lattice 
distortion effects have recently been evaluated [136] 
using (53) and (56), with the strain coefficients e,y
(54) derived using the oscillatory expression (58) for 
the displacement vectors. The empirical parameter 
A in (58) was determined from ab initio calculations 
for interstitial hydrogen and muonium impurities 
[144, 145] as discussed in Sect. 3.1, the phase angle 9 
being obtained from elastic theory [142], The other 
empirical parameters /  for aluminium and copper 
were estimated [136] by fitting the predicted and 
experimental EFG ’s at the fourth nearest neighbour 
27A1 and 53Cu nuclei of vacancies [102, 110] in these 
metals. The size effect contributions obtained in this 
manner were 16.0- 1013 and 30.2- 1013 esu/cm 3 re­
spectively. These combined with the valence contri­
butions, would lead to net EFG ’s in Al of 33.5 ■ 1013 
and 28.9 • 1013 esu/cm 3 respectively, using the OPW 
and APW results in Table 3 and -  16.6- 1013 and
— 22.0 • 1013 esu/cm 3 respectively for Cu. It thus 
appears that the size effect contribution improves 
the agreement with experiment in Cu and worsens it 
for Al. It would be helpful to have values for the size 
effect contribution using [128] a summation over the 
ionic charges as in the first term in ( 1), with the 
positions of the ions in the distorted lattice obtained 
from ab initio calculations. This would allow one to 
avoid having to use the empirical parameter a and 
also obviate the question of how well the ionic 
displacements can be fitted with (58).

In attempting to draw conclusions about the 
accuracy of the procedures proposed for size and 
valence effect contributions it is necessary to take 
account of not only the results discussed here for the 
muon problem but also those from a number of 
calculations that have been performed in the litera­
ture on vacancies in Al [128, 132, 136] and Cu [136] 
and dilute alloys with Al [131, 135] and Cu [124] as 
hosts. Instead of presenting and discussing these re­
sults, we shall touch on a few of their features in 
assessing the accuracy of the different procedures 
proposed and used in the literature for these two 
effects.

The first general conclusion that one can draw 
about these procedures is that they are certainly 
useful from a semi-quantitative point of view since

they provide better than order of magnitude agree­
ment with experiment in a number of instances. 
Looking at this question a little deeper, let us con­
sider the valence contribution first. Of the two 
methods used in the literature to study density 
fluctuations, the self-consistent non-linear response 
procedure has the merit of being more first-prin- 
ciple in nature and of incorporating self-consistency 
within the framework of the model it uses. How­
ever, it has the deficiency of not incorporating the 
discrete nature of the surrounding arrangement of 
ions in the lattice. The scattering procedure is not 
first-principle in nature but does have the influence 
of the lattice included partially in an indirect way 
through the use of experimental resistivity data. A 
detailed quantitation inter comparison of results by 
the two procedures would be very helpful. Both 
these procedures predict that in the alloy system 
with Al host and vacancy in Al, the valence 
contribution is substantially smaller compared to 
the contribution from size effect. It would be inter­
esting to compare the valence contributions from 
the scattering theory procedure with those from the 
non-linear response procedure for vacancy in Cu 
where at least for the first and fourth nearest neigh­
bours, the valence contributions by the latter pro­
cedure are found to be larger than the size effect 
contributions. For the situations of muon in Cu and 
Al, the valence contributions from the latter proce­
dure are also found to be rather important as 
discussed in this section and a comparison with 
results obtained by the scattering procedure would 
be interesting.

It should also be mentioned that while the depen­
dence of @(r) on lattice distortion can be incor­
porated through the Blatt correction to Friedel sum 
rule mentioned earlier and by considering the den­
sity fluctuation <Sg(r) at displaced host ion positions, 
these may not be sufficient by themselves for the 
host nuclei. The EFG tensor around a host nucleus 
is sensitively dependent on the anisotropy of g(r) 
around it. It is our feeling that any model that has 
the impurity as the center, in handling the density 
fluctuation Sg(r), does not give the vicinity of the 
host ion enough importance to be able to provide an 
accurate analysis of the dependence of the anisotropy 
around the host nucleus on the movement of the ion 
containing the nucleus in question and its neigh­
bours from their equilibrium position. An improved 
treatment of dg(r), incorporating the discreteness of
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the real lattice, which is warranted by the sizeable 
differences observed between experimental and 
theoretical EFG ’s in the Al-muon and Cu-muon sys­
tems discussed in this Section and similar differences 
in the Cu-vacancy system, should also include a 
careful analysis of the anisotropy of <5(5 (r) about host 
ion nuclei. It would be interesting to see if improved 
treatments of Ög(r) verify, or disagree with the con­
clusions about the smallness of the valence contri­
butions in alloy and vacancy systems involving Al, 
as pointed out earlier.

Concerning the procedures in current use for 
studying the size effect using displacement vectors 
of the form in (49) the wide range of values of the 
empirical parameter /  needed to fit experimental 
data for different neighbours and different im puri­
ties makes the model appear to be unsatisfactory. 
The direct summation procedure avoids the need for 
any empirical parameters and seems in principle to 
be the most preferable of the three methods dis­
cussed in this section. It however is based on ab 
initio calculated results for the lattice displacements 
which are currently available for only a few systems. 
As far as the oscillatory displacement procedure is 
concerned, while the cosine form in (58) is by no 
means a rigorous one, this procedure is to be 
preferred over the other empirical procedure, be­
cause it uses fits to results for the ion displacements 
from ab initio investigations, thus making it have 
some similarity with the direct summation proce­
dure. A comparison between these latter two pro­
cedures is possible in the case of the Al-vacancy 
system [128, 136]. Unfortunately the individual 
components for the size effect contribution to the 
EFG tensor have not been listed for the oscillatory 
displacement procedure. But for the second nearest 
neighbours, where the EFG tensor is axially sym­
metric one can compare the qlz in the two cases and 
they compare very well, 9.6- 1013esu/cm 3 for the 
direct summation procedure [128] and 8.8 • 1013 
esu/cm 3 for the oscillatory displacement [136] 
model.

However, the substantial difference between the­
ory and experiment for 27Al nuclei in the muon-Al 
system, and the less substantial, but significant dif­
ference between theory and experiment for the 
muon-Cu system discussed in this section as well as 
the significant differences found for the Cu-vacancy 
system and a number of Al alloy systems, suggest 
the need for improvements in the treatment of size

effect as well as valence effects. It seems to us that 
the major need for improvement in the case of size 
effects lies in the evaluation of lattice distortion 
effects in a manner that is self-consistent with the 
electronic perturbations due to the presence of the 
impurity. Possible ways that this can be done will 
be discussed in the conclusions section.

3.3. Description o f  sources contributing to the electric 
Jield-gradients at solute nuclei in non-cubic 
metallic systems

As mentioned in the Introduction to Sect. 3, experi­
mental data on the NQI at solute nuclei in dilute 
alloys are obtained primarily from nuclear radiative 
techniques such as ME [6], PAC [3] and a number of 
others including nuclear orientation [156] and ß- 
decay NMR [157], With these techniques, one stud­
ies NQI in excited nuclear states an to extract 
EFG ’s from the measured NQCC’s, a knowledge of 
Q in the excited states is needed. This knowledge 
can be acquired by measurements [158] of the ratios 
of the coupling constants for the excited and ground 
nuclear states (the latter from conventional NM R or 
NQR measurements) or between excited states of 
two nuclei [159], one of which has a known Q. Addi­
tionally the Q's of excited nuclear states can also be 
obtained from accurate calculations of the EFG ’s in 
relatively simpler systems like diatomic molecules 
[29, 30] or pure metals [160, 161] where NQCC data 
for the nuclear excited states are available. A large 
volume of data has accumulated [104, 162] for a 
number of solute nuclei in different hosts from 
radiative measurements. An examination of the 
EFG ’s including derived from these data, primarily 
for hep metal hosts has led to the empirical relation
(35) discussed in Section 2.5.

The relation (35) as well as departures [104] from 
it and the dependency of these departures on the 
formal charges on the impurity ion in the host 
lattice have been used [164] for qualitative discus­
sions of factors that could influence the EFG at 
solute nuclei. But to our knowledge no ab initito 
quantitative analyses of contributions to the EFG ’s 
at solute nuclei in non-cubic hosts has been pub­
lished.

One can obtain insights into the sources that can 
contribute to these EFG ’s from the analyses of the 
corresponding sources for pure metals and host
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nuclei in imperfect cubic alloy systems discussed in 
Sects. 2, 3.1, and 3.2.

The simplest approximation one can make as a 
starting point for determining the anisotropy of g(r) 
about the impurity nucleus in a dilute alloy is that 
the potential remains unchanged at all other regions 
of the system except the core region of the solute 
ion. In this latter region, the potential experienced 
by the core electron may be taken as corresponding 
to that for the free solute ion. In such a case a good 
approximation for the conduction electron wave 
functions in the vicinity of the impurity atom 
would, in the OPW approach, involve [165] taking a 
linear combination of OPW functions as in (4), with 
the coefficients ck+g. the same as in the host lattice. 
However, the TB Bloch functions i//Ci*(r) for the 
core states in (5), will involve &c( r - r s) (see (2) for 
explanation of this notation) for the impurity ion 
when rs is the impurity site and the core states for 
the host ions for all other sites. The lattice of course 
is undistorted in this approximation. The contribu­
tions [165] from this mechanism to the EFG for 
alloys involving Cd as host metal are discussed in 
the next section and compared with experiment.

Among other mechanisms that could influence 
the EFG at the solute nucleus is the perturbation of 
g(r) outside the core region of the impurity pro­
duced by the change in the potential due to the 
presence of the impurity. This effect would be 
reflected in the OPW approximation by changes in 
the coefficients ck+g. in (4). These changes would be 
transferred to @(r) in the vicinity of the nucleus 
through (see subsection 2 .2 .2) the impurity core 
components of the OPW functions in (5). It should 
be noted that the difference between the density at 
the impurity site arising from the combination of 
the two effects just discussed and the density one 
would find at the same site in the perfect host metal 
(with the impurity ion replaced by the host ion) is 
the counterpart of the density fluctuation Sg(r) 
discussed in Sect. 3.1 which is pertinent for the 
EFG ’s for host nuclei in imperfect cubic metals. In 
the present case, we need the density at the im­
purity site itself and <3g(r) is expected to represent a 
substantially larger change than that at the host sites 
discussed in Section 3.1. The procedures discussed 
there are not expected to be suitable here for the 
following reasons. The scattering procedure will not 
be suitable because in looking for the density at the 
origin itself, one will need many more phase shifts

than the two, namely s and p phase shifts that have 
been used before. The non-linear response proce­
dure would be rather complicated to use because 
one will now need the anisotropy in the electron 
density at the origin and to obtain this one would 
have to carry out the calculations over a volume 
whose shape reflects the non-cubic symmetry of the 
lattice rather than the spherical volume used for 
unperfect cubic metals. In addition, a departure 
from the spherical solid model for the potential 
arising from the ions surrounding the impurity will 
be needed to reflect the non-cubic symmetry of the 
environment which also would make the determ ina­
tion of ög(r) much more complicated.

The influence of the distortion of the lattice from 
the perfect metal structure will also have to be 
considered both because it can affect the lattice 
contribution to the EFG at the impurity site as well 
as the electron density distribution at the impurity 
site. The latter would be somewhat more difficult to 
study than in the case of the host nuclear systems 
discussed in Section 3.1. However this type of 
change in g(r) is expected to be relatively unimpor­
tant for the impurity site in the present class of 
systems because of the expected dominance of the 
contribution to the density from the first two effects 
just discussed. It should also be pointed out that 
elastic continuum procedures, of the types discussed 
in Sect. 3.1 (for the ionic contribution to the EFG 
from lattice distortion effects), would be rather com­
plicated to apply to the present systems because of 
the non-cubic symmetry of the host lattice. One 
would have to obtain the displaced lattice positions 
instead from ab initio calculations of the type per­
formed for impurities in cubic metals such as Al 
and apply the direct summation procedure.

3.4. Electric field-gradients at nuclei o f  substitutional 
impurities in cadmium-based alloys

In the present section, we shall discuss the results 
of an investigation of [165] the first mechanism 
discussed in Sect. 3.3 and the lattice contribution, 
ignoring effects of lattice distortion, for three alloy 
systems involving Zn, In, and Sn impurities in Cd. 
There were two major motivations for these investi­
gations. One was to study how these contributions 
and their relative strengths varied from one im­
purity to another, since the formal charges on the 
impurity ions changed systematically from being
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zero for the host ion for Zn to + 1 and +  2 respec­
tively for In and Sn solutes. The second aim was to 
compare the sum of these two contributions to the 
EFG with experimental values [105-107] from mea­
surements by radiative techniques, and to draw 
conclusions from the differences between theory 
and experiment about the importance of other 
mechanisms that contribute to the EFG.

The lattice contribution was obtained by the same 
procedure as in the case of the pure metals 
(Sect. 2.5), the antishielding factors employed now 
being those corresponding to the impurity ions. 
Since lattice distortion effects were not included, the 
unshielded value of the EFG at the impurity nucleus 
was the same as in pure Cd, obtainable using the 
equation available in the literature [71] for the 
dependence of the EFG on the d a  ratio. The anti­
shielding factors for the Zn2+ and In3+ impurity 
ions were obtained [166] by the usual perturbation 
procedure [167] involving solution of the first-order 
perturbation equations for the core wave-functions 
in the presence of the perturbation potential due to 
Q. The wave-functions used for the core states 
corresponded to those for the neutral atoms so as to 
at least approximately incorporate the influence 
[168] of the potential due to the conduction elec­
trons. The values of yx  (Zn2+) and (In3+) ob­
tained in this way were — 14.0 and — 27.0 respec­
tively. For Sn4+, no value is available for yx  using 
core states corresponding to neutral Sn atom. The 
available value [169] of — 22.3 for y for Sn4+ was 
therefore utilized, the experience with Zn and In 
suggesting that the expected reduction in the magni­
tude of this value in going to cores in neutral Sn 
atom would not be significantly larger than 1.0 .

For the evaluation of the conduction electron 
contributions to the EFG, the same procedure was 
followed as for pure Cd metal (Section 2.5). The 
linear combination of plane waves obtained [52] 
from the pseudopotential for cadmium however 
was now orthogonalized [166] to Zn2+, In3+ and 
Sn4+ core functions for the three alloy systems to 
obtain the corresponding linear combinations of 
OPW functions. The influence of antishielding ef­
fects for the conduction electrons could have been 
included by the first-principle procedure described 
in Section 2.4. However, to avoid the substantial 
effort that this would entail, the same approximate 
procedure was employed at that used [146] for 
muon in Al and Cu.

Table 4. Electric field-gradient3 at impurity nuclei in 
cadmium-based alloys.

Alloy
system

Lattice
contri­
bution

Electronic
contri­
bution

Total Experimental 
electric field- 
gradient

ZnCd -5 4 .4 154.9 100.5 195.6 ±  9.6 jb
InCd - 1 0 1 . 6 346.8 245.2 313 ±  2 9 c
SnCd -8 4 .9 300.7 215.8 !263 ±  5 7 1d

a The electric field-gradients are all expressed in units o f  
1 0 13 esu/cm 3.
b From Ref. [105] using Q (61Z n, /  =  9/2) =  0.57 barns 
(Ref. [170]).
c From Ref. [106] using Q ( 117In ,/  =  9/2) =  — 0.62 barns 
(Ref. [171]).
° From Ref. [107] using Q ( ll3Sn, / =  11/2) =  ±  0.46 bams 
(Ref. [172]).

Table 4 presents the lattice and conduction elec­
tron contributions and their sums for the three alloy 
systems [165]. The experimental values of the EFG ’s 
were obtained by combining the measured values 
[105-107] of the NQCC’s for the excited nuclear 
states 67Z n (7=9/2), ll7In (7=9/2), and 113Sn(7= 11/2) 
of the impurities in the three alloy systems with 
their Q. For the In solute, the sign of the NQCC was 
available [106], while for the other two cases, the 
signs were not known [105, 107], The Q 's for the 
three excited nuclear states utilized in these mea­
surements were taken from the literature [170-172], 
these values being 0.57, — 0.62 and ±  0.46 bams 
respectively.

From Table 4, it is encouraging to note that the 
theoretical and experimental values of the EFG ’s at 
the impurity nuclei are in reasonable agreement 
with each other. This suggests that the two mecha­
nisms considered here represent the major contri­
butors to the EFG at the impurity nucleus. It is 
interesting in this respect that for the Zn2+ im­
purity, which has the same charge as the host C d2+ 
ion, theory and experiment agree within the error 
range of the experimental result while for In3+ and 
Sn4+ impurities which carry formal charges +  1 and 
+ 2 higher than the Cd2+ ion, the experimental 
EFG are about 21% and 18% higher than theory. 
This behaviour could, as discussed in Sect. 3.3 be 
due to perturbations in the electron distributions as 
well as lattice distortions produced by the larger 
charges on the In3+ and Sn4+ impurities. Consider­
ing the first, we have assumed that the linear com­
binations of plane-waves for the pseudo-functions 
for both the impurity systems are the same as for
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the pure metal. In view of the changed potentials 
experienced by the conduction electrons due to the 
larger charges on In3+ and Sn4+, it is not unexpected 
that there would be changes in the pseudo-functions 
as well as the Fermi volumes and surfaces, as deter­
mined by the occupied regions of the energy bands 
in the latter two systems. Additionally, the larger 
formal charges could lead to changes in the posi­
tions of the host ions, as well as the impurity ion in 
the lattice as compared to the lattice in perfect Cd 
metal. This lattice distortion would be expected to 
lead to changes in the lattice contributions in the 
EFG as well as some changes in the electronic 
contribution due to changes in the conduction 
electron wave-functions. In addition, of course, the 
different sizes of the Z n2+, In3+ and Sn4+ ions as 
compared to the host C d2+ could also lead to lattice 
distortions, analogous to the effect discussed in 
Section 3.1.

It will be interesting to explore these additional 
effects in the future, the fact that there is significant 
cancellation between the electronic and lattice con­
tributions in Table 4 suggesting that relatively small 
changes in either could improve the agreement 
between theory and experiment for the two latter 
impurity systems. The departure from experiment is 
a little weaker for the Sn impurity than for In, while 
the reverse would have been expected on the basis 
of the formal charges on their ions in the Cd lattice. 
This feature may be a result of the increased cancel­
lation between the contributions to the EFG from 
the perturbation effects on the conduction electron 
distribution and the distortion of the lattice pro­
duced by the extra charges in the case of Sn4+ as 
compared to In3+. It would be interesting to examine 
this possibility.

Before terminating this section, it is worthwhile 
making two remarks. The first is that, as in the case 
of pure metals, both the lattice and conduction 
electron contributions are subject to, though in 
varying measures, the antishielding effects asso­
ciated with the impurity ion. This provides qualita­
tive support for the empirical relation in (35) 
derived from examination of NQI data for impurity 
nuclei in alloy systems. The second point to note is 
that it is not unexpected that approximate treat­
ments of the EFG ’s at impurity nuclei in non-cubic 
hosts can provide better agreement with experiment 
than for host nuclei in cubic metals in presence of 
impurity ions. This is because, even in the absence

of electronic perturbation and lattice distortion 
effects, there is already a sizeable contribution to 
the EFG at the impurity nucleus because of the 
non-cubic symmetry of the host lattice. In the case 
of alloy systems involving cubic hosts, however, the 
host nuclei experience finite EFG ’s only because the 
cubic symmetry around them is destroyed by lattice 
distortion and electronic perturbation effects due to 
the presence of the solute atom.

4. Concluding Remarks

From the results and discussions dealing with 
pure metals it appears that theory is able to provide 
satisfactory explanations of the experimentally ob­
served NQCC’s. However, for this purpose, one 
needs to include all the important physical effects 
and have an accurate knowledge of all the factors 
involved, including the conduction electron wave- 
functions for the entire occupied volume in /c-space 
below the Fermi-surface, the appropriate antishield­
ing effects for the ionic and conduction electron 
contributions to the EFG ’s and of course the Q of 
the nucleus involved.

There is a need for additional efforts in two areas 
to further enhance our understanding of the EFG ’s 
in pure metals. The first concerns the comparison of 
the electronic contribution to the EFG ’s obtained by 
different methods, such as the OPW and APW 
procedures which have been applied to Be, where 
one needs to develop ways to improve the accuracy 
of the individual procedures. The other direction is 
to try for at least one metal first-principle self-con­
sistent HF-calculations of the band structure as has 
been done [44] in ferromagnetic metals and then 
apply a many-body perturbation procedure that has 
been adapted to metallic systems [173]. These in­
vestigations would allow one to draw conclusions 
about the effects of departures from the HF approxi­
mation in the commonly used OPW and APW ap­
proaches and the influence of many-body effects 
which has been tested and found to be not so impor­
tant for antishielding phenomena [174], but whose 
effects on the direct contributions from the conduc­
tion electrons has not yet been tested.

Another area in which it would be helpful to see 
some efforts in the future is the application of HF 
cluster approaches [86], especially for semimetals, 
where TB and approximate cluster procedures have
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been found [78, 84] to be reasonably successful. The 
testing of these procedures would be desirable for 
eventual applications to the EFG associated with 
impurities in semi-metals and for surfaces [175],

In the area of temperature dependence of EFG ’s 
in pure metals, it would be helpful to have analyses 
in other metals of all the possible contributions as has 
been done [92] for Zn and Cd metals. In particular, 
it will be interesting to carry out such investigations 
in the tetragonal face centered In metal, where c/a  
is nearly unity and hence changes in contributions 
from anharmonic phonon effects, leading to changes 
in the c/a  ratio, would be expected to particularly 
influence the EFG.

As far as the field of alloys is concerned, the 
situation especially for the EFG ’s at host nuclei in 
cubic metals, is still unsettled. The valence and size 
effects and their interactions considered in the 
literature are undoubtedly the correct mechanisms. 
However, there are a number of improvements still 
needed for the evaluation of the contributions from 
these mechanisms. In the treatment of size effect 
contributions, there is need to move away from 
parametric treatments to more first-principle anal­
yses which recognize the discrete nature of the 
lattice. An improvement is needed in the treatment 
of the anisotropy of q(r) around the host nuclei. 
The treatments of the perturbation of g(r) using the 
impurity site as the origin are not expected to be 
sufficiently sensitive to the question of the an­
isotropy about the host nuclear sites. It will be 
helpful to obtain the change in potential experi­
enced by the conduction electrons using the already 
obtained perturbations of g(r) and displacements of 
host ions. The influence of this changed potential, 
taking carefully into account its anisotropy, can then 
be handled by various orders of perturbation theory 
or variationally, to analyze the additional aniso­

tropic distortion it produces in @(r) around the 
nuclei, allowing an enhancement in the self-consis­
tency of the electronic contribution to the EFG ’s at 
host nuclei.

Another area in which additional effort is needed 
is in the incorporation of self-consistency between 
the electronic density perturbation and lattice dis­
tortion. It will be useful to carry out self-consistent 
cluster calculations [86], simulating the infinite lat­
tice by a sizeable cluster of atoms including the im­
purity atom and minimising the total energy of the 
cluster as a function of the positions of the ions. This 
would entail very sizeable computational efforts 
which would probably require the use of a super­
computer or massively parallel processor [176], but 
it would provide some useful answers regarding the 
dependence of the lattice distortion on the electronic 
perturbation and vice versa.

In summary, the NQI in metallic systems, perfect 
and imperfect, has already proven to be a very 
valuable tool in assessing the correctness of our 
knowledge of the structure of these systems at 
atomic and electronic levels. It is hoped that this 
review will stimulate additional efforts using some 
of the suggestions made here as well as by alterna­
tive channels to further enhance the viability of this 
nuclear property as a tool for study of solid state 
systems in general and metals and alloys in partic­
ular.
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